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Abstract
Shells are probably the most widely used structural component in engineering and
also in nature due to their high efficiency and excellent performance when properly
designed. On the other hand, they can be very sensitive to changes in geometries,
thicknesses, applied loads and boundary conditions. Hence much research effort has
been devoted to the reliable and efficient analysis of shells. This work contributes to
the anisotropic elasto-plastic analysis of shells by addressing key issues in developing
shell elements for finite element analysis and an elasto-plasticity model considering
anisotropy and its evolution.
First we develop a shell element that models the three-dimensional (3D) effects
of surface tractions. The element is the widely used MITC4 shell element enriched
by the use of a fully 3D stress-strain description, appropriate through-the-thickness
displacements to model surface tractions, and pressure degrees of freedom for incom-
pressible analyses. The element formulation avoids instabilities and ill-conditioning.
We also develop a triangular 6-node shell element that represents an important
improvement over a recently published element. The element is spatially isotropic,
passes the membrane and bending patch tests, contains no spurious zero energy mode,
and is formulated without an artificial constant. In particular, the improved element
does not show the instability sometimes observed with the earlier published element.
Finally we review a constitutive model for anisotropic elasto-plastic analysis which
takes into account the anisotropy of both the elastic and plastic material behaviors,
as well as their evolution with plastic strains. It is based on continuum energy con-
siderations, the Lee decomposition of deformations and a stored energy function of
the logarithmic strains. The present work focuses on giving some physical insight
into the parameters of the model and their effects on the predictions in proportional
and in non-proportional loading conditions.
Thesis Supervisor: Klaus-Jiirgen Bathe
Title: Professor of Mechanical Engineering
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Introduction
Thin-walled structures or shells are well recognized as a basic building block found
abundantly in nature ranging from small to large scale systems. Shells carry applied
loads in an impressively effective way while securing a relatively large space inside
them in spite of their thinness and lightness.
Shells are probably the most widely used structural component in engineering
practice. They, when properly designed, provide a comparatively light and large
structure that can hold applied loads very effectively with a small amount of materials,
i.e. at a low cost. However shells, especially thin shells, can be extremely sensitive
to imperfections and changes in geometries, thicknesses, applied loads and boundary
conditions. Hence a reliable analysis is the key to design an effective shell structure.
To a large extent, shell structures are now solved in practice using finite element
procedures since it is almost impossible to obtain solutions analytically when the
geometry and boundary conditions of shells are not simple. The finite element analysis
of shells has now matured to the extent that it sometimes seems any complex shell
can be accurately analyzed. In fact, however, there are still a number of outstanding
difficulties. These relate to the development of more effective shell finite elements, the
design of better contact algorithms to accurately model frictional forces applied on a
shell's top and bottom surfaces, as needed for example in metal forming analysis, and
the development of better constitutive models for existing and new materials, just to
name a few only.
The present work focuses on the anisotropic elasto-plastic analysis of shells by
addressing key issues in obtaining improved shell elements for finite element analysis
and an elasto-plasticity model considering anisotropy and its evolutions.
In chapter 1, we present a shell element that models the three-dimensional (3D)
effects of surface tractions, like needed when a shell is confined between other solid
media. The element is the widely used MITC4 shell element enriched by the use of a
fully 3D stress-strain description, appropriate through-the-thickness displacements to
model surface tractions, and pressure degrees of freedom for incompressible analyses.
The element formulation avoids instabilities and ill-conditioning. Various example
solutions are presented to illustrate the capabilities of the element.
In chapter 2, we present a triangular 6-node shell element that represents an
important improvement over a recently published element [1]. The shell element
is formulated, like the original element, using the MITC procedure. The element
has the attributes to be spatially isotropic, to pass the membrane and bending patch
tests, to contain no spurious zero energy mode, and is formulated without an artificial
constant. In particular, the improved element does not show the instability sometimes
observed with the earlier published element. We give the convergence behavior of the
element in discriminating membrane- and bending-dominated benchmark problems.
These tests show the effectiveness of the element.
In chapter 3, we review a constitutive model for anisotropic elasto-plastic analysis
which takes into account the anisotropy of both the elastic and plastic material behav-
iors, as well as their evolution with plastic strains. The model is based on continuum
energy considerations, the Lee decomposition of elastic and plastic deformations and
a stored energy function of the logarithmic strains. We give some physical insight into
the parameters of the model and their effects on the predictions in both proportional
and in non-proportional loading conditions.
Finally we present our conclusions.
Chapter 1
A 4-node 3D-shell element to
model shell surface tractions and
incompressible behavior
The finite element analysis of shells has now matured to the extent that it sometimes
seems any complex shell can be accurately analyzed. In fact, however, there are still
a number of outstanding difficulties. These relate to the more accurate modeling of
shell structures to include 3D effects, the development of still more effective shell finite
elements, in particular triangular elements, and the mathematical analyses to ensure
optimality of the finite element solutions [2, 6]. To a large extent, shell structures
are now solved in practice using 4-node shell elements. Among those available, the
MITC4 shell element is probably the most effective element, in particular when linear
and nonlinear analyses are to be performed [2,6-10]. However, the other MITC shell
elements can be more effective for specific analyses [1,9, 11, 12].
The formulation of the MITC4 shell element is based on the Reissner-Mindlin
assumptions of "material fibers originally straight and normal to the shell mid-
surface do not stretch and remain straight" and "zero stress normal to the shell
mid-surface" [2,6]. The MITC elements can be formulated using a continuum rep-
resentation or the 'basic shell model' identified by Chapelle and Bathe [2, 6, 13, 14].
While the Reissner-Mindlin assumptions are widely applicable, they cannot model
the application of shell surface stresses as needed in the analysis of a shell confined
between solid media. For example, in metal forming, the normal and shear trac-
tions applied to thin sheet surfaces can be large and the accurate modeling of normal
stresses and shear stresses can be important. Of course, in addition, large strain
elastic-plastic (almost incompressible) conditions need be represented.
To model the effects of surface tractions, it appears that 3D shell-solid elements
are most appropriate, see [15-19] and the references therein. In the formulation of
these elements, the top and bottom surfaces of the shell are represented geometrically
and their positions are updated through the displacement degrees of freedom, just
like in a fully 3D analysis of solids but with only one element layer through the shell
thickness [2, 6]. Since the bending strains vary linearly, clearly, for consistency with
bending theory including the Poisson ratio coupling, the through-the-thickness normal
strain must also be allowed to vary linearly. This requires a quadratic interpolation
of displacements through the shell thickness. The shear, membrane and pinching
locking can be relieved using MITC strain interpolations.
While sometimes effective, these elements display severe ill-conditioning when the
shell becomes thin and when the shell is an (almost) incompressible medium [20,21].
To improve the element behavior and computational effectiveness, instead of dis-
placement degrees of freedom, enhanced strains have been used, see for example
Refs. [15, 22,23], and the references therein. However, enhanced strain formulations
can be unstable, see Refs. [24,25], and are therefore best avoided. Hence, a more effec-
tive approach is to build on the basic MITC4 shell element, for which all shell actions
are represented using the shell mid-surface, use the three-dimensional stress-strain
description, and enrich the shell element formulation 'judiciously' by appropriate dis-
placement and pressure interpolations. These interpolations need to be selected to
not introduce instabilities or ill-conditioning. This approach was used in Ref. [26] to
enrich the MITC4 shell element by two element degrees of freedom corresponding to
thickness stretching (a constant and a linear term) in order to represent large strain
effects.
The objective in this chapter is to present the MITC4 shell element enriched by the
3D stress-strain law, and by displacements and pressure used to represent accurately
the effects of shell surface normal and tangential tractions, and incompressible con-
ditions. The enrichment in displacements is achieved by simply adding displacement
interpolations with corresponding degrees of freedom at the 4 nodes. The result-
ing displacements are compatible across element boundaries. To render the element
also applicable to (almost) incompressible conditions, the u/p formulation with an
assumption on the pressure is used [6]. All these degrees of freedom, including the
pressure degrees of freedom, can be invoked hierarchically as desired. This hierarchi-
cal feature of the element is very attractive, obviously from a modeling point of view,
but also from a practical point of view. Namely, the pre- and post-processing capa-
bilities of the classical MITC4 element are directly applicable by simply increasing
the number of degrees of freedom allowed for the element.
The element presented in this chapter is largely based on concepts previously
published but in this chapter we have synthesized various ideas in an aim to obtain
an overall effective formulation. In particular, this 3D-shell element formulation does
not show ill-conditioning. In the following sections, we first present the formulation
of the continuum shell model, then the finite element discretization, and finally we
give the results of various illustrative example solutions.
1.1 The shell model
In this section, we present the shell model that we will solve by our finite element
discretization. We follow the notation used in Ref. [6].
The initial geometry at time 0 is described by
X=_4 oa o (1.1)2
where ( is the natural coordinate in the thickness direction, 0YM is the position vector
of material particles in the shell mid-surface, oa is the thickness and OVn is the director
vector.
In the deformed configuration, an initially straight fiber may be curved with the
assumption shown in Figs. 1-1 and 1-2. The assumed deformed geometry at time t is
X= XM+- a + 2 oa t tVn2
+ ±2 0a (tQj il + t2 ) (1.2)
+_3 0 (tC 1 t 1 +t 2 V2)
Here tn is the director vector at time t, ta is the shell thickness at time t, til and tV2
are are unit vectors orthogonal to tVn and to each other, tQn is the degree of freedom
corresponding to a quadratic displacement function in the direction tVn, and tQ, and
tC, represent degrees of freedom corresponding to quadratic and cubic displacement
functions in the directions tV, with a = 1, 2. The left superscripts 0 and t always
denote that a quantity is given at time 0 and t. With these assumptions, the fiber
originally normal to the mid-surface can strain linearly and become curved, and the
transverse shear stresses have a quadratic distribution through the shell thickness.
This enables the element to precisely capture the effect of in-plane tractions, like
normal and frictional forces, applied on the top and bottom shell surfaces. Note that
oa, the initial thickness, is employed in front of each higher order function. This is
a scaling factor in order to avoid ill-conditioning of the global stiffness matrix as the
thickness becomes small. It is more natural to use the current thickness but we use
the initial thickness because this leads to a simpler formulation.
In the same way, the deformed geometry at time t + At is defined by
X t+a = t XM t+t t+t + 2 0a t+AtQn t+Atn2
+~2 0 a (t+AtQ1 t+Atl + t+AtQ2 t+At2) (1.3)
+ 3oa (t+AtC1 t+AtV + t+AtC2t+t)
From these geometric positions, we can obtain the corresponding incremental dis-
t kV2
Figure 1-1: Shell geometries in the initial and deformed configurations.
t k t nk t nk
n 94
Figure 1-2: The quadratic and cubic displacement functions at node k.
tv-k
placement field as follows.
= t+t - = t t+At - tU = U- U = X- X: (1.4)
Then we have
-= (t+At - ) tAt t+At - ta t 2 0a t+t n- t V)
2 0  t+tQ1t+At tQ t) + 2 Oa (t+AtQ t 2 + t2 t )
+ (3 a (t+ +C At'  t_ C 1 ) + 3 a (t+AtC2 t+At tC 2 )
(1.5)
This field can be expressed in terms of degrees of freedom at time t for the incremental
displacements using the following relations.
t+At- t-.
XM _ XM = UM
t+Ata 
_ 
ta = Oa - Aa
t+AtQn 
_ tQ = q,
t+AtQ1 
- tQ 1 = ql
t+AtQ 
- tQ2 =q2
t+Atc1 
- tC 1 = c1
t+tC 2 - tC 2 = C2
= ui + ve2 + w, 3
Here Eq. (1.6a) represents three translations in the global Cartesian coordinate system
given by the unit vectors Fei, with i = 1, 2, 3, Eq. (1.6b) gives a thickness change and
Eqs. (1.6c)-(1.6g) define displacement increments. Note that, in Eq. (1.6b), the
incremental thickness change is normalized by the initial thickness to circumvent
ill-conditioning.
For the shell element, two rotational degrees of freedom have been generally used
to describe the rotation of a director vector. We, instead, adopt three rotational
(1.6a)
(1.6b)
(1.6c)
(1.6d)
(1.6e)
(1.6f)
(1.6g)
degrees of freedom at this point and use
t+Atf - _
t+A'-1 t - 1
t+Atf V t7 V2
t -4 1 t
p2 + O -(2
t1 t
(2
(1
1 a + 7)
(1 23 )
(1 - +
- a) 12
1
2
2
(a2 2 t V
( 2 + 2) t
(172 + a 2) t V
where a, / and 7 are the incremental rotations about the vectors t, t 2 and tVn,
respectively. Once we have obtained a, 3 and y, the director vectors are updated
with the following relationship.
t+AtZ i = t+At
sin 0
~=I[~ 9
Vi (i = 1,2, n)
1 (sin (0/2) 2s
2 0/2
0 = /a 2 + 2 + 2
0-7
= 0 -a
-3 a 0
Note that Eqs. (1.7) are obtained from Eqs. (1.8) and (1.9). Using Eqs. (1.6) and
(1.7) with Eq. (1.5), the incremental displacement field becomes
U = UL +UQ (1.10)
where u7 and UQ denote the linear and quadratic terms of incremental displacements,
(1.7a)
(1.7b)
(1.7c)
where
(1.8)
(1.9a)
(1.9b)
(1.9c)
-a+(1/ 1+
respectively,
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_3 0 a (tvl C1 1 t C n -3±tc 1 tV 2 3y) - Oa 3 a (t C2  2 t2 1 tC2 n O
(1.11)
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(1.12)
The current shell model contains 12 parameters to describe the shell behavior:
three translations, three rotations, one thickness change, three quadratic displace-
ments and two cubic displacements. However, we now exclude the - rotation effect
in the above equations because the degree of freedom leads to spurious zero energy
modes, even when the initially straight fiber transverse to the shell mid-surface has
become curved. Consider the linear terms of the incremental displacements, UL, as
arranged in Table 1.1. We see that the displacement corresponding to the 'Y rotation
when a fiber is not straight can be described by the degrees of freedom ql, q2, cl and
c2 . Therefore, the 'y rotation is a redundant degree of freedom and can be set to zero
when we use the higher-order in-plane displacements.
UQ2
+2
I
1
Table 1.1: The components of the linear incremental displacement given in Eq. (1.11)
t n (a),
tV1 tQn0 - tQ2-Y + qx
UL 2a V2 -tQno + tQjy + q2
tVn -tQ +Qt2a +qn
tvl -tC2 + Cl
( 3 0 a t 2  tC1' + c2
_vn -cp + tC2a
1.2 Finite element discretization
We use the shell model given in the previous section for the finite element discretiza-
tion.
1.2.1 Interpolation of geometry and displacement
To interpolate the shell geometry, the usual interpolation is used [6]
4
e'(r, s, ) = hk(r, s)t M +
k=l
4
SE hk(r, s)ktn
k
k=l
4
+ 2 hk(r, s)k ( tQk t7 t Qk tf(k + tQk t 7k)
k=1
(1.13)
± j3 5 hk(r,s)°ak (tCs l tlk + t 0  t2k)
k=l
where hk(r, s) is the interpolation function corresponding to node k. The incremental
displacement field has the same form as in Eq. (1.10)
U(r, s,S ) = I hk( , s), + hk (r, s) i (1.14)
k=l k=l
1.2.2 Mixed interpolation of strain field
The total Lagrangian formulation is used for large deformation but small strain anal-
ysis. In this framework, the covariant components of the Green-Lagrange strain with
respect to the initial configuration are defined by
1 o-, o - -
o = 2 ((t . o.j) 9i (1.15)
where
o- t- with r = r, r2 = s, r3 = ( (1.16)Ori Ori
The incremental strains are directly calculated by
t±At 1 O -4 Oauit. Oi O(l>
2 i Orj Ori Orj
In order to avoid shear locking, the Dvorkin-Bathe transverse shear strain field is
assumed, by interpolating the covariant components of the transverse shear strains
using for all (
r= (1 + s)oE r= +  (1 - s) t r= (1.18a)0 2 sO 2 s--i
S=1 S=1
s = 2 (1 + r)te = + 2 (1 - r)E=-l 1 (1.18b)
s=o s=o
While the basic MITC4 element does not show membrane locking, the in-plane mem-
brane behavior can of course be improved by introducing incompatible displacement
modes [6], as offered for example in ADINA [27]. A similar improvement in the mem-
brane behavior must be expected when using incompatible displacement modes in
the formulation of the enriched element presented here.
However, the strain assumptions normal to the shell mid-surface used here, mean
that the element will show pinching locking. This behavior can be alleviated using
the MITC approach applied to the normal strain [15,28,29]. To fulfill the condition
that the normal strain be zero throughout the element when this strain is zero at the
element nodes, we simply interpolate the normal strain bi-linearly over the element
using the nodal values directly calculated from the displacement assumptions. These
nodal values will be zero for a constant bending situation even when the nodal director
vectors are not normal to the shell mid-surface described by t'M. Therefore, the
assumed transverse normal strain is described by
oftE o(r, os , ' =t ') (1.19)0 s = 0 Const. + (- o r,s, =O) (1.19)
where
( 1(1 r)( tEC=1+ rl
gCont. = -(1 + r)(1 + s)se r-1 + -(1 - r)(1 + s)kc r=-1
Const. 4 0 =1 4 s=14=o s=o (1.20)
+ (1 - r)(1 - s) r=- + (1 + r)(1- s)
4 =-1 4 IS=-1
C=0 C=0
The behavior of this interpolation is thoroughly analyzed in Ref. [29]. All the other
strain components are directly obtained using Eq. (1.15).
1.2.3 Displacement/Pressure (u/p) formulation
Unlike shell elements based on the plane stress assumption, shell elements using
the full three-dimensional constitutive law suffer also from volumetric locking in in-
compressible, (or almost incompressible) analysis, just like the elements used in the
analysis of solids [6]. The mixed formulation known as the displacement/pressure
(u/p) formulation has been proven to be effective for the analysis of incompressible
conditions [6,30]. Therefore, we adopt this formulation for the three-dimensional shell
element. The key step of using the u/p formulation is to determine the interpolation
of the assumed independent pressure field. In the 4/1 plane strain element, the pres-
sure field is assumed to be constant which means that strictly the element does not
pass the inf-sup condition [6,31]. This is observed when regular meshes and special
boundary conditions are used [6]. However, in practice, hardly flat and non-distorted
shell elements are employed, and therefore the following pressure variation is proposed
for the element
P = Po + pi (1.21)
Note that the pressure is assumed to be constant on each plane given by a fixed value
of ( and vary linearly through the shell thickness. The linear pressure distribution is
introduced considering bending. The cost increase by using this formulation is negli-
gible since only two additional pressure degrees of freedom are added to each element
and these can be statically condensed out prior to the assemblage of the element stiff-
ness matrix. Since the 4/1 flat plane strain element (4-nodes for displacements and a
constant pressure) does not satisfy the inf-sup condition for incompressible analysis,
there are very special element configurations and boundary conditions in which the
shell element will also show checkerboard pressures. However, as mentioned already
above, these will hardly be encountered in practice, and, also, can be identified in the
post-processing of the results by plotting the pressure bands [6, 32]. A 4-node plane
strain element that satisfies the inf-sup condition is presented in Refs. [33, 34]. The
interpolation used in these references could be employed for the shell element but
would render the shell element in computations considerably more expensive.
1.3 Numerical studies
In this section, we illustrate some important features of our shell element through
the results of several test problems. We use our shell element with 5, 7, 9, or 11
degrees of freedom per node, see Table 1.2, which also lists the orders of numerical
integration used. The element with 5 degrees of freedom at each node is the MITC4
shell element. Here, we use "t" for the original shell thickness instead of oa used
above.
1.3.1 Cantilever beam under in-plane tangential tractions on
the top and bottom surfaces
We consider a cantilever beam of rectangular cross-section with tangential in-plane
tractions applied on its top and bottom surfaces. Of course, for normal tractions,
the exact solution through the thickness is obtained (see also section 1.3.2). In this
Table 1.2: Summary of shell models
Gauss Integration PointsShell Model Nodal DOFs Constitutive Law (rx sx ()
5 DOF u, v, w, a, 3 Modified 2 x 2 x 2
7 DOF u, v, w,, a Full 3D 2 x 2 x 2
Aa, qn
9 DOF u, v, w, a, /' Full 3D 2 x 2 x 3Aa, qn, ql, q2
11 DOF u, v, w, a, Full 3D 2 x 2 x 4
a, qn, 4q, q2, C1, C2
problem, the in-plane quadratic and cubic displacement functions corresponding to
q1, q2 , C1 and c2 play an important role in the prediction of the stress field. Three load
cases are tested as shown in Table 1.3, using L = 20.0, t = 1.0, q = 10.0, E = 1.0 x 105
and v = 0.3. The beam is meshed with 41 elements along its length. We report the
stresses as evaluated along the vertical centerline of the element located at the center
of the beam, where edge effects are negligible. The analytical values for the stresses
are derived in the Appendix.
In the first load case, the resultant axial force and shear force are zero but the
bending moment is nonzero. As shown in Fig. 1-3, all shell element solutions give
the same correct axial stress distribution. However, only the 11-DOF shell element
predicts the correct shear stress distribution satisfying the zero resultant shear force
condition and the traction boundary conditions on the top and bottom surfaces,
TxzJl=-1 = q. In the second load case, the resultant shear force and bending moment
are zero, but the axial force is nonzero. Fig. 1-4 shows the calculated stress distri-
butions. In this case, both, the 9-DOF shell element and the 11-DOF shell element
give the analytical solutions because the cubic displacement function has no effect
on the finite element solution. In the third load case, the resultant axial force and
bending moment are nonzero, but the resultant shear force is zero. Fig. 1-5 gives
the calculated results. The predicted transverse shear stress is quite different using
Table 1.3: Cases of applied
traction test
tractions and analytic stress distributions for the in-plane
Case 1 Case 2 Case 3
z z z
Tangential 11 Al -A
forces on top -. -- t -. q- t t --- _ -~-- t
and bottom x x _ _-~- X - --- -.-- --- xand bottom
surfaces L
L L
z z z
Equivalent
force and - m=qt ____-- _2q _ q
moment on -I .-l- --- -- x
mid-surface L L L
z z z
Analytical tl2 t12 t/2
distribution
-3q(L/t) 
-q(Lt)
of x through ,3q(ut) '" q(Lvt) "7 2q(Ut)
the thickness
at x = L/2 -t2 -t/2 -t2
z z z
Analytical t/2 Vt2 V t12
distribution i -q V I
of xz through -q12 :q q -q13 q
the thickness 
-t/2
§ For simulations, stresses are evaluated at the center of the beam (x = L/2) by
using 41 elements along the beam with L = 20.0, t = 1.0, q = 10.0, E = 1.0 x 105,
v = 0.3
the various element assumptions. Only the 11-DOF shell element gives an accurate
solution satisfying the traction boundary conditions on the top and bottom surfaces,
Txz =1 = q and Txzj =-1 = 0. This result must be expected, since the case is a linear
superposition of cases 1 and 2.
Here, in general, the 11-DOF shell element with the quadratic distribution of the
transverse shear stress through its thickness must be used to accurately capture the
effect of tangential tractions on the top and bottom shell surfaces (satisfying the
traction boundary conditions).
1.3.2 Pressurized cylinder
We consider the pressurized cylinder problem shown in Fig. 1-6. We use this problem
to test the predictive capabilities of our shell element in the analysis of a thick-walled
structure. A one element model is used, see Fig. 1-6(b). Note that, since the cylinder
can only expand or contract in the radial direction due to symmetry, the degrees of
freedom for the in-plane quadratic and cubic displacement functions (qi, q2, C1 and
c2) have no effect in the solution of this problem, i.e. the 9-DOF and 11-DOF shell
elements will give the same result as the 7-DOF element.
The analytical solutions of this plane strain problem (ezz = 0) for the radial
displacement ur, and the radial and circumferential stress Trr and Too are
PR~- PoR0 R R R (P - P) 1U, = x r + x - (1.22a)
2(A + G)(R - R) x 2G(R - R (1.2 r
Pi R - Po R RR(Pi - P) 1
R0 R? Ro - Ri 2
SPRt - P R R R R P -P 0 ) 1
TO0+ 0 X - (1.22c)R 2 - R R - Ri T2
where Ro and Ri are the outer and inner radii, respectively, P and Pi are the applied
pressures, A and G are the Lame constants, and Ri<r<Ro.
Table 1.4 lists the predicted radial displacement of the cylinder mid-surface, and
shows that the displacement obtained using the 7-DOF shell element is in good agree-
ment with the analytical solution, even when the cylinder is rather thick. However,
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Figure 1-3: Stress distributions in a cantilever beam under in-plane tractions (Case
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Figure 1-5: Stress distributions in a cantilever beam under in-plane tractions (Case
3)
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Figure 1-6: Pressurized cylinder in plane strain condition; 0 = 2 °, Pi = 20t, Po =
80t, R = 10.0, E = 1.0 x 104; (a) the whole model, (b) single element representation
(only radial displacement is allowed)
in the (almost) incompressible case, the 7-DOF shell element needs to be used with
the proposed assumed pressure field. Of course, if the cylinder is thin, both, the
5-DOF and 7-DOF shell elements give virtually the same result for the mid-surface
displacement. Figs. 1-7 and 1-8 show the predicted radial and hoop stresses for the
thin and thick cases.
Table 1.4: Normalized radial displacement of the pressurized cylinder at r = R
v=0.3
v=0.499999
Shell model
5 DOF
7/9/11 DOF
5 DOF
7/9/11 DOF
7/9/11 DOF (u/p)
t = 0.1
0.9962
0.9998
0.9915
0.9998
0.9998
t = 1.0
0.9643
0.9998
0.9203
0.6150
0.9998
t = 2.0
0.9294
0.9998
0.8472
0.0905
0.9998
t = 5.0
0.8234
0.9980
0.6495
0.0025
0.9987
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Figure 1-7: Stress distributions in the pressurized cylinder (t = 0.1, Pi = 2.0, Po = 8.0)
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Figure 1-8: Stress distributions in the pressurized cylinder (t = 2.0, Pi = 40, Po = 160)
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Figure 1-9: Single element test for ill-conditioning; (a) director vectors are normal
to the mid-surface, (b) director vectors are rotated 30 from the normal direction
1.3.3 Test cases for conditioning of the stiffness matrix
In these problem solutions, we study the conditioning of the stiffness matrices when
the thickness of the shell decreases and the material becomes incompressible. The
degree of ill-conditioning can be measured by the condition number defined as [6],
cond(K) = max (1.23)
Amin
where Amax and Amin are the maximum and minimum eigenvalues of the stiffness
matrix K with rigid body modes excluded. For comparison purposes, we use CK
CK = 10gl 0 {cond(K)} (1.24)
First, a single element with two different orientations of director vectors as shown
in Fig. 1-9 is tested. The results are listed in Table 1.5. We see that the condition
number of the 3D-shell element with more than five degrees of freedom is for the
thin case only about an order of magnitude larger than for the MITC4 shell element
with five degrees of freedom. This increase in the condition number is small when
compared to the increase for the 3D-solid element. Note that cond(K)_O(t- 2) for
all shell elements while cond(K)-O(t-4 ) for the 3D-solid element with the thickness,
t. When the director vectors are not normal to the shell mid-surface as shown in
Fig. 1-9(b), the condition number only slightly increases. This is shown in Fig. 1-10.
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Figure 1-10: Eigenvalues of single element (11-DOF, E = 1.0 x 107, v = 0.3, t = 0.1)
Table 1.5: CK with different element thicknesses, see Fig. 1-9 (E = 1.0 x 107, V = 0.3)
Shell model Director vectors t = 1.0 t = 0.1 t = 0.01 t = 0.001
5 DOF (a) 3.8315 5.8217 7.8216 9.8216(b) 4.0434 6.0365 8.0364 10.0364
7 DOF (a) 5.1716 7.1632 9.1632 11.1632(b) 5.3384 7.3318 9.3318 11.3318
9 DOF (a) 5.1716 7.1632 9.1632 11.1632(b) 5.4338 7.4268 9.4267 11.4267
11 DOF (a) 5.1732 7.1633 9.1632 11.1632(b) 5.4349 7.4268 9.4267 11.4267
3D 8-node
solid element (a) 3.8963 7.8753 11.8750 15.5166
(a) director vectors are normal
30 from the normal direction
to the mid-surface (b) director vectors are rotated
108
10-
> 10 E = 2.0x108 v 0.3
-e- 5 DOF : CK =6.6487
10---- 7 DOF : CK = 6 .8473
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Figure 1-11: Eigenvalues and condition numbers (director vectors are normal to the
mid-surface)
Next, we consider a plate modeled with a 10 x 10 element mesh, see Fig. 1-11, and
solve for the eigenvalues and condition numbers, see Ref. [20] for a similar example.
We see that the condition numbers of our shell element with 7 to 11 degrees of freedom
are only slightly larger than for the MITC4 element. Therefore, in the analysis of
shell structures in which 3D effects shall be predicted, the element proposed here is
much more reliable than the 3D-solid element.
Finally, the single element with an almost incompressible material is considered.
In this case, we have inevitably an ill-conditioned stiffness matrix because, for 3D type
elements, we have at least one very large eigenvalue corresponding to the volumetric
deformation mode. In Fig. 1-12, the displacement-based (without pressure degrees
of freedom) shell element shows eight very large eigenvalues that cause the element
to be too stiff and lock, see Tables 1.4, 1.7, and 1.9. If we use the element with
the u/p formulation, see the assumed pressure field in Eq. (1.21), only two very
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Figure 1-12: Eigenvalues of single element in almost incompressible case (11-DOF,
E = 1.0 x 107, v = 0.499999, t = 0.1); director vectors are normal to the mid-surface
large eigenvalues which correspond to the volumetric expansion mode (the constant
pressure mode) and a bending mode (the linear pressure mode through the thickness)
are observed. It appears natural to therefore try to use only the constant pressure
field (p = P0o) in the u/p formulation, but then the element has a spurious zero
energy mode corresponding to the bending mode. Hence, the pressure assumption in
Eq. (1.21) is more appropriate.
1.3.4 Hyperboloid shell problems
These shell problems were proposed and studied by Chapelle and Bathe [2, 35, 36]
and provide excellent test problems for shell elements. We solve the problems here to
investigate the performance of our shell discretizations in the almost incompressible
case.
I I I I
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Figure 1-13: The hyperboloid shell problem (E = 2.0 x 1011 , t = 0 .0 1, po = 1.0 x 106)
The geometry of the shell mid-surface is given by (see Fig. 1-13)
2 +z2= 1 +y 2, y E [-1, 1] (1.25)
The hyperboloid mid-surface is subjected to the smoothly varying periodic pressure
p(G) = Po cos(20) (1.26)
If the shell is clamped on both ends, the problem is a membrane-dominated problem,
and if the shell is free on both ends, the problem is a bending-dominated problem.
We use a 16 x 16 uniform mesh of elements to solve the two problems.
Some results are listed in Tables 1.6, 1.7, 1.8 and 1.9. When the material is
compressible (see Tables 1.6 and 1.8), each shell model gives similar results in both
the membrane and bending dominated cases. However, when the material is nearly
incompressible (see Tables 1.7 and 1.9), the shell elements based on the full three-
dimensional constitutive law experience volumetric locking while the 5-DOF MITC4
shell element of course does not lock. Note that, by using the u/p formulation, the
volumetric locking of the shell elements using the three dimensional constitutive law
is successfully removed in, both, the membrane and bending dominated cases.
Table 1.6: The clamped-clamped hyperboloid shell (v = 0.333333)
Max. magnitude Max. magnitude
of V-displacement of U/W-displacement
5 DOF 5.33891E+02 6.99667E-04 1.35918E-03
7 DOF 5.27460E+02 7.01485E-04 1.35438E-03
9 DOF 5.28865E+02 7.02342E-04 1.35637E-03
11 DOF 5.28915E+02 7.02341E-04 1.35635E-03
Table 1.7: The clamped-clamped hyperboloid shell (v = 0.499999)
Max. magnitude Max. magnitude
of V-displacement of U/W-displacement
5 DOF 5.70978E+02 7.56065E-04 1.46331E-03
7 DOF 0.40085E+02 0.34764E-04 0.18041E-03
9 DOF 0.74792E+02 0.57580E-04 0.34114E-03
11 DOF 1.18613E+02 1.38555E-04 0.36024E-03
7 DOF (u/p) 5.55900E+02 7.59076E-04 1.45204E-03
9 DOF (u/p) 5.58361E+02 7.60885E-04 1.45701E-03
11 DOF (u/p) 5.58467E+02 7.60881E-04 1.45706E-03
Table 1.8: The free-free hyperboloid shell (v = 0.333333)
Max. magnitude Max. magnitude
of V-displacement of U/W-displacement
5 DOF 4.53983E+05 1.04082E+00 2.10145E+00
7 DOF 4.53820E+05 1.04044E+00 2.10070E+00
9 DOF 4.55217E+05 1.04372E+00 2.10719E+00
11 DOF 4.55237E+05 1.04377E+00 2.10728E+00
Table 1.9: The free-free hyperboloid shell (v = 0.499999)
Max. magnitude Max. magnitude
of V-displacement of U/W-displacement
5 DOF 3.81804E+05 0.87391E+00 1.76575E+00
7 DOF 0.02886E+05 0.00198E+00 0.00846E+00
9 DOF 1.45692E+05 0.33107E+00 0.66385E+00
11 DOF 1.79671E+05 0.40899E+00 0.82209E+00
7 DOF (u/p) 3.81421E+05 0.87293E+00 1.76395E+00
9 DOF (u/p) 3.82368E+05 0.87517E+00 1.76836E+00
11 DOF (u/p) 3.82384E+05 0.87520E+00 1.76843E+00
(a) (b)
Figure 1-14: The quadrant of a cantilevered cylinder under in-plane tractions
(E = 1.0 x 104, v = 0.3, length=40, thickness=0.1); (a) case of applied longitu-
dinal traction (q = 0.1), (b) case of applied circumferential traction (q = 0.007)
1.3.5 A quadrant of a cantilevered cylinder under in-plane
tangential tractions
A quadrant of a cantilevered cylinder under in-plane tangential tractions is tested.
The tractions are applied in the longitudinal direction for one case and the circumfer-
ential direction for the other case as depicted in Fig. 1-14. In order to see how the load
positions affect the solutions, the deformation-dependent tractions are applied on the
top, middle and bottom surfaces for each case. Geometrically nonlinear analyses are
performed using the 11-DOF shell element with a 10 x 9 mesh of elements in the total
Lagrangian framework [6]. The deformed shapes and the displacements and effective
stresses are given in Figs. 1-15-1-20. We can see that significant response differences
arise depending on how the tractions are applied.
Note that we may obtain very similar results with the 5-DOF MITC4 shell element
by applying the resultant forces and moments on the shell mid-surface, especially for
a very thin structure as in this problem. Here the effect of the quadratic and cubic
in-plane displacements is small enough to be neglected. However, our 11-DOF shell
element provides a direct and natural way to include the effects of surface tractions
when these are initially unknown (e.g. imposed in a metal forming problem), vary
over the shell top and bottom surfaces and the shell thickness changes significantly.
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Figure 1-16: Displacement in z-direction of point A in Fig. 1-14(a)
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1.4 Concluding remarks
We presented in this chapter a 4-node 3D-shell element that, in essence, represents
a hierarchical improvement of the MITC4 shell element to include some important
three-dimensional effects: the full 3D stress-strain law is used, the thickness change
is included, shell tractions can be applied on the top and bottom surfaces of the shell,
and the material can be incompressible. An important attribute is that the element
does not result in undue ill-conditioning (as seen when shell surface top and bottom
nodes are used in the kinematic description of 3D-shell elements) and does not result
in instabilities (as seen with enhanced strain formulations). There are various fields of
applications for the 3D-shell element, including all those involving large strain effects
and contact. But in particular, the given formulation provides the basic framework
for effective large strain analyses using 3D orthotropic hyperelastic or elastic-plastic
material descriptions [3,37-39] as encountered in bio-engineering and metal forming.
A quite outstanding research task is the mathematical analysis of the proposed 3D-
shell element, as pursued in Refs. [2, 10, 13, 19, 21] for other formulations.
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Chapter 2
A triangular 6-node shell element
A large amount of research has been expended over the past four decades on the
development of shell finite elements, and yet more effective triangular shell elements
are still much needed, see Refs. [1,2,40] and the references therein. In particular, the
search for a general and uniformly effective 6-node triangular shell element continues,
and indeed the development of such an element represents one of the remaining key
challenges in finite element analysis. While such an element is, in the first instance,
sought for linear analysis, of course, the formulation should, as well, be directly
extendable to general nonlinear analysis.
Numerous shell analyses are conducted routinely but very fine discretizations and
quadrilateral elements are typically used [41]. An effective general curved 6-node shell
element would be very useful in that (i) it can be employed to discretize virtually any
shell geometry, (ii) it can be used to model shells overlaid on three-dimensional solids
that are represented in free-form meshing by 10 or 11-node tetrahedral solid elements,
and (iii) it would give accurate solutions when using relatively coarse meshes.
Originally, to a large extent, shell elements were developed by simply superimpos-
ing plate bending and in-plane membrane behavior, and flat facet-shell elements were
proposed. As now well known, such elements are not truly representing shell behavior
and indeed may not even converge depending on which shell problem is solved [2].
The most promising formulation approach for a general shell element is based on the
use of the "basic shell model" [2, 13, 14]. This mathematical model is obtained from
the 3D continuum by introducing the Reissner-Mindlin kinematical hypothesis and
the plane stress assumption for the mid-surface and the material layers parallel to
that surface. Ideally, the shell element should then converge reliably and optimally to
the exact solution of the mathematical model and for any well-posed shell problem.
However, the usual displacement interpolation leads to locking and a scheme needs
to be used to alleviate this detrimental behavior.
Successful quadrilateral general shell elements have been developed using the
mixed-interpolated-tensorial-component approach, that is, the MITC procedure [7,
8, 11, 12, 42]. The advantage of this approach is that the elements are general, that
is, they can be used for general shell geometries in linear and nonlinear analyses,
and the elements have only the degrees of freedom of displacement-based elements
with negligible additional computational cost. The MITC4 element is now widely
used [41] and can also be employed in a hierarchical manner to model additional 3D
effects [43]. While tight mathematical convergence proofs of the MITC shell elements
are not available, and indeed for general geometries may be out of reach, the ele-
ments have been thoroughly tested on appropriate 'discriminating and revealing' test
problems [2, 9, 12, 35, 36, 43, 44]. However, these studies largely focused on the use of
quadrilateral elements, equally successful general triangular shell elements are more
difficult to develop.
On the other hand, the family of MITC plate bending elements contains quadri-
lateral and triangular elements that are very effective, and for plate bending solutions
practically optimal [6,45,46]. Thorough mathematical convergence analyses and re-
sults of numerical studies have been published, see Refs. [47-50]. However, except for
the MITC4 element, the elements contain internal nodes with rotational degrees of
freedom only, which renders them not effective for extension to shell analyses and gen-
eral nonlinear analysis. Still, the fact that excellent MITC triangular plate bending
elements exist encourages the search for an effective MITC triangular shell element.
A triangular 6-node shell element based on the MITC approach was recently
presented by P. S. Lee and K. J. Bathe [1]*. This element has the desirable properties
*When we refer to the MITC6 shell element of Ref. [1], we mean the MITC6a shell element
of not containing a spurious zero energy mode or artificial factor, being spatially
isotropic, having the same degrees of freedom at every node, passing the plate bending
and membrane patch tests, showing excellent convergence behavior in plate bending
analyses, and reasonable convergence behavior in the analysis of 'discriminating and
revealing' shell test problems. In particular, these shell test problems include the
analysis of a hyperboloid shell with, at both ends, either clamped or totally free
conditions. We consider these two problems to be excellent benchmark problems
to test an element formulation for its capacity to predict membrane-dominated and
bending-dominated shell behaviors.
However, additional testing of the element by D. Chapelle et al. [51,52] showed a
surprising element peculiarity. Namely, when used to model certain shell geometries
and boundary conditions, the solution becomes unstable, although the single element
does not contain a spurious zero energy mode. An unphysical oscillatory response is
predicted, like observed in some solutions with the 4/1 element of the displacement-
pressure formulation for incompressible materials [6]. Chapelle et al. stabilized the
formulation by replacing a part of the mixed-interpolated shear strain energy by the
unreduced displacement-based shear strain energy. As is typical in such techniques
of stabilization, a factor is introduced to allocate the amount of stabilization [2,6,51].
Depending on the shell problem solved, if the factor is too large the element behavior
deteriorates significantly and if the factor is too small, the instability shows up. While
the magnitude of the stabilizing factor is based on some analysis, ideally, we would
have a stable and effective formulation without such factor. This is particularly desir-
able when the element formulation is to be used in general nonlinear analysis. Hence
we continued our search for a more reliable and accurate triangular shell element.
In the search for more effective elements, the fundamental difference between the
MITC formulation approach and the 'enhanced assumed strain', or EAS, formulation
approach is important [53]. Both techniques start with the displacement formulation
and aim to improve its predictive capability. Then, in the MITC formulation, the
strain assumptions inherently used in the displacement formulation are improved by
formulated and tested in that reference.
not including certain terms of the displacement-based strain space. In this way, many
MITC elements can, in principle, be developed even for the same displacement as-
sumptions, and the key is to identify the optimal formulation. Hence, when searching
for an effective 6-node MITC triangular shell element, many possibilities arise, some
of which were studied in Refs. [51, 52].
On the other hand, in the EAS formulations, new strain fields are added to those
already inherently used in the displacement formulation, like first proposed by E. L.
Wilson et al. with incompatible displacement modes, see Refs. [6,54] and the refer-
ences therein. The EAS approach is generally implemented using static condensation
for the additional strain terms on the element level. This results into some additional
cost, and complexity in nonlinear analysis, not present in the MITC formulations.
While there exits potential in developing elements based on the EAS method, a diffi-
culty encountered is that stable formulations in linear analysis may become unstable
in nonlinear analysis [24,25].
In an additional approach to obtain more effective elements, the 'discontinuous
Galerkin (DG) method' can be pursued and shell elements can be formulated within
this framework [55,56]. This approach has good potential, but stability parameters
are used, and significant additional computational cost is present, even when static
condensation can be employed. The performance of such shell elements in nonlinear
solutions need also still be studied.
An important point is that any newly formulated element should not only be tested
on rather simple shell analysis problems, but also on the discriminating problems
proposed in Refs. [2,35] and used, for example, in Refs. [1,2, 12, 14, 36, 51, 52]. The
actual performance of a shell element formulation will only be revealed when solving
these or equivalent problems and measuring the solution errors in appropriate norms.
The objective in this chapter is to present a further development of the MITC6
shell element of Ref. [1]. The improved MITC6 shell element represents a simple but
effective extension of the original element. The element is not based on a stabilization
scheme and does not contain any factor to be set. The same membrane strain and
transverse shear strain interpolations as in Ref. [1] are used, but the interpolated
covariant strain components are referred to an element constant contravariant basis.
Of course, the geometry and the displacement-based strains used in the tying process
are calculated using the varying quantities, as defined through the discretization of the
'basic shell mathematical model'. For plate problems, the improved element reduces
to the original element and hence the results obtained using the original and the
improved elements are identical. Indeed, this is one reason why we use this specific
interpolation of strain components.
In the next sections we first briefly review the original MITC6 shell element, then
we present the formulation of the improved element, and finally we give the numerical
results obtained in the solution of the test problems. These benchmark tests include
the discriminating test problems referred to above. While we consider in this chapter
only linear analysis, the element formulation can directly be extended to general
nonlinear analysis, which is an inherent property of the MITC formulations [2, 6, 8].
2.1 The formulation of the MITC6 shell element
As for displacement-based shell elements, the geometry of the 6-node shell element is
interpolated using
6 6
Y(r, s,) = Zhk(r,s)A + E akhk(r,s)Vn (2.1)
k=1 k=1
where hk is the 2D shape function of the standard isoparametric procedure corre-
sponding to node k, Fk is the position vector at node k in the global Cartesian
coordinate system, and ak and k denote the shell thickness and the director vector
at node k, respectively. The displacements of the element are given by
6 6 k)k(r, s, hk(r, s)k + - akhk(r, s)(-V  fV3k) (2.2)
k=1 k=1
where 'ik is the nodal displacement vector in the global Cartesian coordinate system,
k and 7 k are unit vectors orthogonal to i and to each other, and ak and Pk are
the rotations of the director vector 1/, about 1 and /k, respectively and k denotes
the node k. The covariant strain components are calculated using
1
eij = (i . , + j. u,)2 jU , i (2.3)
where
g=-i and 'i = ri with rl
The basic step in the MITC formulation is to
1,..., nij on the shell midsurface with coordinates
covariant strain components eij as
= r, r 2 = S, r 3 = ( (2.4)
select a set of tying points k =
(r sk), and define the assumed
nij
eij ((r,s,) = r s) e (2.5)
k=1 s 3
where nij is the number of tying points for the covariant strain component jj and
the hi are the assumed interpolation functions satisfying
h (r, s~) = sk, 1= 1 . .. , nij (2.6)
with Sk1 the Kronecker delta. This tying procedure is carried out on the elemental
level for each individual element. We next express the displacement-based covariant
strain components in terms of the nodal displacements and rotations
eij = BijU (2.7)
where B is the strain-displacement matrix and U is the nodal displacement/rotation
vector. Thus we obtain
Snij
ijh = Aj (rU
_c=1 U 3)
(2.8)
The strain-displacement matrix in Eq. (2.8) gives the covariant strain components as a
function of the element coordinates r, s and (. The constitutive tensor is defined with
respect to the local Cartesian coordinate system in which the plane stress assumption
holds. Hence the assumed covariant strains in Eq. (2.8) are transformed into that
coordinate system at each integration point to obtain the stiffness matrix. The local
Cartesian coordinates are given by (Er, Es, where [6]
= Es = -xE - (2.9)
The key ingredients in the element formulation are the specific interpolations
used for the membrane and transverse shear strains. Many different possibilities are
available but the difficulty is to obtain an effective element, that is spatially isotropic,
passes the patch tests, and performs well in bending-dominated and in membrane-
dominated problems. The interpolations presented in Ref. [1] are leading to quite an
effective element and are
rr = ali + blir + cis
ess = a2i + b2ir + C2is (2.10)
eqq = a3i + b3ir + C3i(1 - r - s)
for the in-plane strains, as denoted by the subscript i on the coefficients, where
eqq = (e + ess) - ers and
Er = alt + bltr + Clts + s(dtr + ets)
e", = a2t + b2tr + C2tS - r(dtr + ets)
for the transverse shear strains, as denoted by the subscript t on the coefficients. We
refer to Ref. [1] for details on how to obtain the coefficients in Eqs. (2.10) and (2.11).
The interpolations with the tying points used are shown in Fig. 2-1.
However, as mentioned above already, and reported first in Ref. [51] the resulting
element shows an instability in the analysis of certain shell problems, depending on
the curvature and the boundary conditions of the shell structure. Fig. 2-2 shows this
instability in the analysis of a hyperboloid shell, clamped at the bottom and free at
1 err 1 etS2 - S21-
' ess est
Seqq S3  eqt
s1- -0 S1 ----- - common
r r0 r r2 1 r0 1r 3  r2 1
rr = ali + blr + c,,S
et = a,, + bpr + cs + s(dr + es)
ess = a2i + b2ir + C2iS
sst = a2t +b2tr + c2,s- r(d,r + es)eqq = a3i + b3ir + c3 (1- r - s)
Figure 2-1: Interpolations and tying points used for the MITC6 shell element; r, =
, 1 1 1S3 - 1 r2 = 2 = + and ra = S3
the top. These instabilities, even when seen only in the solution of certain problems,
are clearly undesirable and a remedy needs to be introduced. Chapelle et al. [51, 52]
discussed in depth the difficulty to obtain an improved triangular shell element that
shows all the desirable properties and no instability, and presented a stabilization
of the MITC6 element. However, as is typical in stabilized formulations [2, 6] a
stabilization factor is introduced. In the next section we improve the original element
formulation in a different way, without the use of a factor, while preserving the other
desirable properties of the original element.
2.2 The improved MITC6 shell element
The basic approach in this formulation is as presented above. However, instead of
using Eq. (2.5), we use the interpolation
nij
i (r, S, )= hi (r, s)eiJ (2.12)
k=1 r's U
where
ij =ek (k ) i 9j) with a(r,s,) = i (1, ,) (2.13)
Free
Clamped
Figure 2-2: Analysis of a hyperboloid shell problem. The midsurface is given by
x2 + Z2 = 1 + y2  (-1 < y < 1). The shell is fixed at its bottom and free at its top;
E = 2.0 x 1011, v = 1/3, t/L = 1/10000 (where t denotes the thickness of the shell,
see Sec. 2.3); the loading is the pressure loading p(O) = Po cos(20), Po = 1.0 x 106.
The problem is solved using the original MITC6 shell element of Ref. [1].
Here we imply summation over the indices k and 1, and the interpolation functions are
those introduced in Ref. [1], see Fig. 2-1. Therefore, the same form of interpolation
as given in Eqs. (2.5) and (2.6), is used in the improved element, but the interpolated
strains are given in the basis (: r, .~, and the ,ij are employed instead of the
eij to evaluate the coefficients of the interpolation functions. Except for using the
base vectors (r, , ), constant in r and s, in the interpolations instead of the base
vectors (gr, 9, ), there is no difference in the element formulations. Using Eq. (2.12)
the strain terms in the Cartesian basis aligned with the normal shell direction are
calculated for use of the plane stress constitutive law.
Note that, when the element is flat and straight-sided, the base vectors (gr, , )
are constant throughout the element, and the interpolations given in Eqs. (2.12) and
(2.13) reduce to those of the original MITC6 element. Hence identical results are
obtained when plate problems are solved.
We shall see in the tests given below that the improved element does not display
the instability of the original element and performs quite well. The reason is that all
displacement-based strains couple into the interpolated membrane and shear strain
components. In some respects, a more natural approach is to use membrane and
shear strain interpolations as in Eq. (2.5), but with different interpolation functions
and tying points than employed in the original MITC6 shell element. Many different
schemes can be explored but - with the criteria to be satisfied - it appears difficult to
reach in this way a significantly improved shell element, see Refs. [1, 52].
2.3 Solution of test problems
In this section we report on the performance of the improved MITC6 shell element.
As mentioned already, the element is isotropic, hence the test of Fig. 2-3 is passed.
The element contains only the rigid body modes, no spurious zero energy modes, and
passes the membrane and bending patch tests, see Fig. 2-4 and Table 2.1.
Of particular interest is the solution of the problem considered in Fig. 2-2, to see
whether spurious displacements are obtained. Fig. 2-5 shows the result using the
(0.0,1.0,1.2)
(0.7,1.2,0.5)
2 (1.0,1.0,0.0)
Figure 2-3: Isotropic element test of the 6-node triangular shell element, taken from
Ref. [1]
Table 2.1: Basic test results of MITC6 shell elements
Isotropic Zero energy Membrane Bending
element test mode test patch test patch test
The original MITC6 Pass Pass Pass Pass
The improved MITC6 Pass Pass Pass Pass
(0,0) (10,0)
Figure 2-4: Mesh used for patch tests
improved MITC6 shell element and we see that no spurious displacements occur.
In the further tests, we evaluate the s-norm introduced in Ref. [36] to measure
the rate of convergence, since this norm can be applied in bending-dominated and
membrane-dominated shell problems. The relative error is defined as [1,2,36]
.Uref 
- Uh s
relative error = (2.14)
LUref 11
where Uref denotes the reference solution. We consider below the problems solved
in Ref. [1]. For each problem, we use uref, the solution obtained with a fine enough
reference mesh.
In these test results we consider only structures of constant thickness, t. Hence
t/L denotes the thickness over length ratio, as e.g. in Refs. [1,2].
2.3.1 Analysis of clamped plate problem
The plate problem considered is shown in Fig. 2-6 and the convergence results are
given in Fig. 2-7. These results should be identical to those reported for the MITC6
Figure 2-5: Shell problem of Fig. 2-2 solved with the improved MITC6 shell element
shell element in Ref. [1], and indeed are for individual nodal displacements. How-
ever, slight differences in the relative errors are observed because the s-norms were
calculated using different implementations.
2.3.2 Analysis of cylindrical shell problems
The geometry and the loading of the problems are defined in Fig. 2-8. Depending on
the boundary conditions used, a membrane-dominated problem (clamped boundary
conditions) and a bending-dominated problem (free ends) are obtained [1, 2]. We
solve both problems and the results are given in Fig. 2-9. The same good convergence
behavior as reported in Ref. [1] is seen.
2.3.3 Analysis of hyperboloid shell problems
The MITC6 shell element performs very well in the analysis of the plate and cylin-
drical shell problems. However, these shells have rather simple surfaces, the plate is
flat and the cylinder has one principal curvature equal to zero.
Two much more discriminating problems are obtained when considering the hy-
perboloid shell shown in Fig. 2-2. A membrane-dominated problem is obtained by
-p/
Figure 2-6: Clamped plate subjected
v = 0.3 and q = 1.0
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Figure 2-7: Convergence curves for the clamped plate problem. The bold line shows
the optimal convergence rate.
Figure 2-8: Cylindrical shell problem; pressure loading p(O) = po cos(20); both ends
are either clamped or free, see Refs. [1,2]; L = R = 1.0, E = 2.0 x 10, V = 1/3 and
Po = 1.0
Z I
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Figure 2-9: Convergence curves for the cylindrical shell problem (a) when both ends
are clamped and (b) when both ends are free. The bold lines show the optimal
convergence rate.
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Figure 2-10: Meshes used for 1/8th of the hyperboloid shell (8 x 8 element mesh)
with symmetry boundary conditions applied. The geometry, material properties and
loading are as in Fig. 2-2. (a) The graded mesh is used when both ends are fixed and
(b) the uniform mesh is used when both ends are free. The boundary layer of width
6vt_ is meshed in the graded mesh [1].
considering clamped-clamped conditions and a bending-dominated problem is ob-
tained when considering both edges to be free. It is important to mesh appropriately
the boundary layer in the case of the clamped case [2, 57], and we use the meshing of
Ref. [1], where half the mesh is used in the boundary layer of width 6v/, see Fig. 2-
10. The very thin boundary layer present in the free case is not specially meshed.
Fig. 2-11 shows the results obtained which are quite close to those reported for the
original MITC6 shell element [1].
While the convergence behavior is quite good, of course, the element does not
show optimal behavior, which would correspond to the optimal rate of convergence
and no shift in the convergence curves when the ratio t/L decreases.
Finally we calculate the convergence curves of the element in the solution of the
clamped hyperboloid in the Am norm, that is, we evaluate
Am (U(re - U7 , Uref - h)relative error = Am (2.15)
where Am (., .) is the exact bilinear form containing the membrane and shear strain
contributions. As well known, displacement-based elements show excellent conver-
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Figure 2-11: Convergence curves for the hyperboloid shell problem (a) when both
ends are clamped and (b) when both ends are free. The bold lines show the optimal
convergence rate.
gence in this norm when membrane dominated problems are solved, and indeed dis-
play optimal behavior when properly graded meshes are used [2]. To calculate Am
and u'ref we use the displacement-based 6-node triangular shell element with a mesh
of 128 x 128 elements.
Since the solution Gh obtained with the MITC6 shell element will be different from
the displacement-based solution, this measure for convergence is very discriminating.
Any small difference in the calculated shell section displacements and rotations is
magnified in the norm by the fact that the displacement-based element formulation
locks when solving bending dominated problems.
Figs. 2-12 and 2-13 show the results obtained using Eq. (2.15). We also show the
behaviors of the displacement-based 6-node triangular shell element and the original
MITC6 shell element, and the results when excluding the transverse shear strain
effects. The figures show that reasonable convergence is measured with the improved
MITC6 shell element, and that the errors are substantially less when the shear strain
effects are excluded. The shear strain error is largely due to errors in the nodal
rotations which cause spurious shear stresses. Fig. 2-14 displays the rotations for one
case of number of elements used, and we see that the improved MITC6 shell element
result, compared with the original element result, is closer to the displacement-based
solution.
2.3.4 A brief study using a stabilized shell element formula-
tion
Here we want to briefly show how a formulation like the one given in Ref. [51] based
on stabilization performs in the solution of the problem of Fig. 2-2. As pointed out
already above, the major concern using the stabilization approach is that a factor has
to be set. Hence we focus on the use of different values of the stabilization factor.
We obtain a stabilized shell element of the original MITC6 shell element by replac-
ing a part of the mixed-interpolated shear strain by the unreduced displacement-based
e
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Figure 2-12: Convergence curves in the Am norm for the fully clamped hyperboloid
shell problem solved using (a) the displacement-based 6-node element, (b) the original
MITC6 element and (c) the improved MITC6 element. Graded meshes are used as
shown in Fig. 2-10(a).
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Figure 2-13: Convergence curves in the Am norm without shear terms for the fully
clamped hyperboloid shell problem solved using (a) the displacement-based 6-node el-
ement, (b) the original MITC6 element and (c) the improved MITC6 element. Graded
meshes are used as shown in Fig. 2-10(a).
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Figure 2-14: Rotation magnitudes (/a 2 + 02) of the fully clamped hyperboloid shell
problem solved using (a) the displacement-based 6-node element, (b) the original
MITC6 element and (c) the improved MITC6 element. The 16 x 16 graded mesh is
used with t/L = 1/10000.
shear strain, see Refs. [2, 6, 51].
eT ( - ChT MITC6 + ChT. DI) (2.16)
eS= ( - C )hT MITC6 + ChTe DI
L ) +CLes
where rMITC6 and aMITC6 are the shear strains calculated from the MITC6 strain
interpolation in Eq. (2.11) and eDI and eD1 are the strains obtained from the dis-
placement interpolation in Eq. (2.3). In Eq. (2.16), C is the stabilization factor to be
set, hT is a measure of the element size and L is the characteristic length. For the
problems we consider, L = 1 and we use hT to be the radius of the circumscribed
circle around the corner points of the triangular element. This stabilization operates
on the transverse shear strains whereas the procedure of Ref. [51] operates on the
shear strain energy. We expect that a similar stabilization is achieved with the two
techniques, but the method using the above strain expressions is more easily applied.
Fig. 2-15 shows the deformations of the shell considered in Fig. 2-2 when three
different values of C are used. As seen, the deformations of the shell are quite sensitive
to the value of C, but once the stabilization factor is large enough, the instability
of the original MITC6 element is no longer present. Hence it appears that simply a
large enough value of C needs to be selected.
However, clearly, if the stabilization factor is too large, the error in the response
prediction (displacements and stresses) is significant, see Ref. [51]. We demonstrate
this deterioration of the response prediction in Table 2.2 for the analysis of the
clamped plate problem of Fig. 2-6. Here the stabilization is not needed but when
used with values as in Fig. 2-15, the response prediction is much deteriorating.
Hence a major difficulty when using this stabilization approach is to choose the
optimal stabilization factor automatically for each element for any shell analysis,
including also nonlinear analysis. This is hardly possible but assuming that it is
achieved, we may find thereafter that the accuracy of the solution results is not
acceptable.
(b)
(c)
Figure 2-15: Shell problem of Fig. 2-2 solved with the stabilized MITC6 shell element.
(a) C = 0.1, (b) C = 0.2 and (c) C = 0.4
Table 2.2: Normalized maximum
Fig. 2-6
displacements of the clamped plate problem in
Improved MITC6
4x4
8x8
16 x 16
t/L = 1/100
1.020307
1.012138
1.006941
t/L = 1/1000
1.014698
1.009567
1.005911
t/L = 1/10000
1.014628
1.009512
1.005839
Stabilized MITC6 (C = 0.1) t/L = 1/100 t/L = 1/1000 t/L = 1/10000
4 x 4 1.019691 0.967412 0.306133
8 x 8 1.012110 1.008506 0.964094
16 x 16 1.006935 1.005893 1.004342
Stabilized MITC6 (C = 0.4) t/L = 1/100 t/L = 1/1000 t/L = 1/10000
416 x 164
8x8
16 x 16
1.010283
1.011874
1.006914
0.698071
0.996715
1.005626
0.026907
0.673236
0.994437
2.4 Concluding Remarks
The objective in this chapter was to present a triangular shell element which represents
a significant improvement over an earlier published element [1]. Like the earlier
presented element, the improved 6-node element is based on the MITC formulation
approach and has all the attractive attributes of MITC shell elements, with respect to
ease of use and computational effectiveness. Actually, the changes in the formulation
of the earlier element to reach the improvements are quite simple.
The formulation of the improved MITC6 shell element given here specifically ad-
dresses the peculiar unstable behavior reported in Ref. [51] observed with the earlier
published 6-node element [1] in the solution of certain shell problems. Specific shell
geometries and boundary conditions allow the instability to occur. The improved
MITC6 shell element does not show this behavior and in the other test problems
performs practically as well as the earlier published element. In plate analyses the
same results as earlier are obtained.
While the shell element does not show uniformly optimal behavior in all analyses,
a property that is extremely difficult to reach [2], it shows good convergence behavior.
A mathematical analysis of the element would be very valuable and could yield insight
into how the element might be further improved.
Chapter 3
A model for large strain
anisotropic elasto-plasticity
Accurate modeling of the elasto-plastic deformations of metals is very important not
only for the simulation of the manufacturing process but also for the analysis of the
final components during their service, for example consider the simulation of car crash
or crush conditions. Many metallic goods are made from cold-rolled sheets. Rolling,
as well as many other manufacturing procedures, induces anisotropy in the metals.
Anisotropy manifests itself in that the physical properties depend on the directions
along which they are measured. Hence the constants determining the elastic and
plastic properties, notably the Young's moduli and yield stresses become dependent
on the direction of testing. An accurate computational model must take into account
the directions of both the elastic and plastic properties, as well as their evolution with
plastic strains.
Most computational simulations are currently using continuum models and finite
element procedures, see for example [6,41]. Since the 1990s simulations of isotropic
elasto-plasticity at large strains have achieved reasonable accuracy and efficiency [58],
using combined isotropic-kinematic hardening [59] and consistently linearized implicit
implementations [37, 60]. The principal ingredients of the most successful elasto-
plastic implementations at large strains are the use of the multiplicative or Lee decom-
position [61], hyperelasticity in terms of the logarithmic strains and the exponential
function to integrate the plastic gradient [60,62]. The multiplicative decomposition
is based on micromechanical observations and uses the existence of an intermediate,
local, configuration uniquely determined from the historical evolution of the local
plastic flow (both plastic strain and plastic rotation tensors) [3]. An advantage of
the use of the Lee decomposition is that, since the elastic stretch tensor is explicitly
obtained, the total elastic strains may be directly computed from the deformation
gradient. Then, the use of a stored energy function gives stresses without resort-
ing to 'rate' expressions [63-66], thus avoiding any algorithmic objectivity issue and
dissipation during purely elastic strain paths [67,68].
However, the Lee decomposition presents important computational issues due to
its multiplicative character, inserting the Mandel stress tensor in the dissipation ex-
pression [3, 37]. The resulting difficulties are bypassed in the case of isotropic elas-
ticity using logarithmic strains and the exponential mapping. In isotropic elasticity
the stress and elastic strain tensors commute and the Mandel stress tensor coincides
with the rotated Kirchhoff stress tensor [6, 60]. A physically motivated hyperelastic
function of the logarithmic strains [69, 70] may be employed. Retaining the linear
term of the Taylor series of the exponential mapping for the integration of the plastic
flow, a very simple algorithm is obtained [60], in which the large strains framework
acts as a simple pre- and post-processor of the usual small strains algorithm, even for
obtaining the algorithmic tangent [37]. It should be noted that with these algorithms
any anisotropic yield function could be used and the plastic flow is computed using
the corresponding small strains algorithm.
However, for the case of anisotropic elasticity, stresses and elastic strains do not
commute in general and the dissipation equation presents major mathematical dif-
ficulties. Hence some researchers adopt formulations that rely on additive decom-
positions, see for example Refs. [71, 72], elastic isotropy [73-75] or other complex
frameworks more difficult to implement in an implicit finite element code [76-79]; see
also some criticisms in Ref. [80]. In summary, those algorithms do not retain the
successful properties of the previously mentioned algorithms for isotropic elasticity.
The above-mentioned anisotropic elasto-plastic algorithms as well as the vast ma-
jority of the computational algorithms for anisotropic plasticity of continua do not
take into account the possible evolution of the material symmetries. However, the
evolution of the material symmetries with nonproportional plastic strains is intuitive
and has been observed experimentally, see for example Refs. [4,81-84] . This evolution
is closely related to the texture evolution of the microstructure, also observed exper-
imentally, see for example Refs. [78,85-94] . Texture evolution involves both changes
in the yield function and in the preferred directions. In practice, as a first approxi-
mation, the yield function evolution may be taken into account through isotropic and
kinematic hardening of the original anisotropic yield function. This approximation
has given good results [4, 5, 74, 75, 81, 95], even if constant normalized parameters of
the Hill yield function are used for a wide range of plastic strains [3, 4].
For an accurate simulation, the rotation of the preferred directions must also be
taken into account. In crystal plasticity, the lattice rotation and the plastic spin are
closely related by the Schmidt law. In continuum plasticity, the physical meaning of
the plastic spin has been much discussed even for the case of isotropic elasticity, see
for example [46-51]. The usual choice in isotropic elasticity is a vanishing plastic spin.
This is a natural choice for isotropic elasticity because the plastic spin does not appear
in the dissipation equation and does not affect the stored or dissipated energies [3].
Indeed, since there is no preferred orientation, in average, the microstructure should
not show any rotation preference. However, in the case of elastic anisotropy, the stress
tensor in the dissipation equation is the unsymmetric Mandel stress tensor, which pro-
duces work on the plastic spin, and hence needs to be accounted for in the energy
balance equations. In addition, the evolution of the material symmetries also pro-
duces a change in the stored energy in the case of anisotropy. In Ref. [3], a framework
for anisotropic elasto-plasticity using logarithmic strains, the multiplicative decom-
position and the exponential mapping is presented. The model takes into account
the evolution of the orthotropic preferred directions and was shown to predict the
experimental results of Ref. [4] for material symmetry evolution. These simulations
are also used in this chapter to gain further insight into the meaning of the material
parameters. Central to the model is the importance of the evolution of the preferred
directions and the effect on both the stored energy and the dissipation terms. This
is an important difference with other works in which such evolution is also taken into
account but through ad-hoc constitutive equations for the plastic spin [4,5,74,75,95].
In this chapter we present results of some studies on the model of Ref. [3] in order
to obtain deeper insight into the use of the parameters for the constitutive equations
and the effects that may be simulated, as for example the cross effect during path
changes on the plastic strains.
In the following, we first outline the main features of the model of Ref. [3], focusing
on the rotation of the orthotropic directions. Next, we discuss the effect of the
parameters on the predictions with physical interpretations and give some results
comparing with physical test data. For a constitutive model, a simple procedure
to obtain the material parameters is always desirable. We present a procedure to
obtain the spin parameters from Lankford R-values and the predictions are compared
to those of Ref. [5]. Thereafter, we give some results regarding the predictability of
the model in nonproportional loading conditions. Finally, in the last section of the
chapter, we present our conclusions of this work.
3.1 The Montins-Bathe model
In this section we review the ingredients of the Montans-Bathe model. A detailed
description is given in Ref. [3]. We follow the notation of Refs. [6, 58].
3.1.1 Kinematics
The model is based on the Lee decomposition which leads to the following multiplica-
tive decomposition for the deformation gradient
oX= Xe tXP (3.1)
where 'X is the deformation gradient and Xe and t X represent its elastic and
plastic part respectively. The left superscript denotes always the current configuration
while the left subscript represents the reference configuration. We will omit these left
indices when confusion is hardly possible. The spatial velocity gradient is
tl = t X- 1 = te (Xe) -1 + tXe x ( XP)1] (tXe-- (3.2)
We use the modified plastic velocity gradient defined in the intermediate stress-free
configuration
tL= tX ( XP) (3.3)
whose symmetric part is the modified plastic deformation rate tensor tDP while its
skew part is the modified plastic spin tensor tWp. Eq. (3.3) provides the differential
equation for the evolution of the plastic deformation gradient
tXP = tLP tX (3.4)
whose backward-Euler exponential solution is given by
t+AtXP = exp (At t+AtLP) oXP (3.5)
For small steps ( lAt t+AtLPl < 1, a common restriction in plasticity formulations
based on logarithmic strains), the exponential function can be approximated by
exp (At t+AtLP) , exp (At t+AtDP) exp (At t+AtWP) (3.6)
Then we have the following update formulas
(t+XP)-l = (t XP )  exp (-At t+AtWP) exp (-At t+AtDP) (3.7a)
t+ tXe = Xe exp (-At t+atWP) exp (-At t+AtDP) (3.7b)0
where X - t+attX X  is the trial elastic deformation gradient. Now we define the
incremental plastic rotation as
t+AttR " = exp (At t+AtWP) (3.8)
Using Eqs. (3.7b) and (3.8) and the logarithm strains defined by 2E e = In C' where
Ce = XeTXe is the right Cauchy-Green deformation tensor, we can derive the fol-
lowing update scheme for the strains (see details in Ref. [37])
t+AtEe Ee - At t+AtD (3.9)
We define (.) as the quantity (.) rotated to the configuration where the plastic rota-
tions are frozen during the plastic flow such that
(.) = t+AtRwT (.) t+At tR (3.10)
Note that E' is given by the trial elastic deformation gradient, and t+zRw is not
involved in Eq. (3.9) and only known after integrations.
3.1.2 Dissipation inequality
The stored energy function is assumed to be of the type
1
W = Ee :A: Ee (3.11)
where A is an elastic anisotropy tensor. Note that in Eq. (3.11) the strain tensor
and the elastic anisotropy tensor are defined in the unrotated configuration where
the elastic rotation is removed. During the plastic flow, this configuration and all
objects defined in it rotate in each step by the amount t+ZR"W due to the plastic
spin. However it has been observed that the anisotropy axes do not necessarily rotate
as given by t+atRw. Therefore we introduce an additional rotation for the anisotropy
axes given by t+ARA
Then the rate of the stored energy function can be written as (for details see
Ref. [3])
W = T : Ee + T : WA =T: L Ee + Tw : WA (3.12)
+_- <--- +
-
w ( +-
where T = A : E is a symmetric tensor defined as a generalized Kirchhoff stress
tensor which is work conjugate to the logarithmic strains, Tw = E'T - TEe is a
skew tensor, WA = RARAT is a spin tensor for the anisotropy axes, and L (.) is a
Lie derivative with t+attRw acting as a gradient.
Similarly we assume the following expression for the rate of the hardening potential
H = B : Ei B, : -WH + K -+ rIw = B, : L Ei + B : WH + r, + Kw (3.13)
where B, is the backstress tensor, E' are logarithmic strain-like internal variables
and B, = E'B, - BE', the tensor WH is the spin for the hardening anisotropy
axes, the scalars K and , are the effective stress-like internal variables (current yield
stress and couple-stress respectively) and the scalars ( and ( (effective plastic strain
and effective plastic rotation) are the effective strain-like internal variables. For the
evolution of the yield stress and the backstress, we use Prager's hardening model
with the SPM (Splitting of Plastic Modulus) method, see Ref. [59], including the
possibility of anisotropic kinematic hardening given by
S = (1 - M)Ko + MR (3.14)
= (1 - M)no + M [Koo - (Koo - no) exp (-6() + h(]
2 dR
B = (1 - M) H : DP (3.15)
3-s  d -
where M is the mixed hardening parameter, H is an anisotropy tensor for the kine-
matic hardening and Ko, K~, 6 and h are material properties which govern the
isotropic hardening curve.
Then the dissipation inequality becomes
DP = ,S: DP + , : W d -Bs: LEi B: WH i - - K, >O (3.16)
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where S, and E, are the symmetric part and the skew part of the Mandel stress
tensor S = C e S (where S is the pull-back of the Kirchhoff stress 7 to the stress-free
configuration) respectively and Wd = W p - WA is the dissipative spin tensor. The
symmetric part and the skew part of the Mandel stress tensor can be related to the
generalized Kirchhoff stress tensor by
S T : SM (3.17)
, =T = ET - TEe (3.18)
where SM is the fourth order mapping tensor which for small elastic strains is close
to the identity tensor.
We assume that, without loss of generality, the elastic region is enclosed by two
yield functions f, (8E, B,, r) and f, (SE, B,, r,). Then the Lagrangian for the con-
strained problem is L = DP - tf, - f,, where t and - are the consistency parameters.
By claiming that the principle of maximum dissipation holds (VL = 0), we have the
associated flow and hardening rules given by
OL . Ofs OL of
= 0 = D = t and = 0 = _
OL Of OL Ofw
=0 L =Ei -t and -=0 WH_ -1Y
OBS O 8Bs B, OB,
OL Ofs OL OfW= 0 = - and _ = 0 . = -0-d-0
(3.19)
3.1.3 Yield functions
We assume that the well-known Hill's quadratic yield criterion holds for the symmetric
part of the Mandel stress tensor.
3
fs = 2 2  - Bs) : A:( - Bs) - 1 = 0 (3.20)
where A, is the plastic anisotropy tensor assumed to have the same anisotropy direc-
tions as the elastic anisotropy tensor. Note that AP extracts the deviatoric stresses
only and therefore the mean stresses do not enter the yield condition in Eq. (3.20).
From Eq. (3.19), we have
£E' = D = iA: (, - B) t (3.21)
2.
= -t (3.22)
where f = 0 at yield is used in Eq. (3.22).
On the other hand, the Mises type of yield function is used for the skew part in
this study
fw = w &E - V2-, (3.23)
where K, is the allowed yield value which may be set to zero. Then we have also from
Eq. (3.19)
Wd = f, (3.24)
(3.25)
where , = 5,/ 1S 1.
Note that Eq. (3.23) indicates that the plastic spin will take place once |I w|
becomes larger than v/', regardless of the symmetric part of the plastic flow. How-
ever, this is inconsistent with experimental observations where a progressive rotation
of the anisotropy axes is measured. Furthermore, in crystal plasticity the Schmidt
law shows a clear relation between the plastic deformation rate tensor and the plastic
spin tensor. Hence we propose the following relationship connecting the skew part
with the symmetric part.
= (f (3.26)
where (.) is the Macauley bracket function and q and m are material properties with
, having the unit of stress. This viscoplastic-like law relates the plastic spin to the
magnitude of the skew part of the Mandel stress tensor, and there is naturally no
plastic spin when the skew part of the Mandel stress is zero (as usually assumed in
isotropic plasticity).
3.2 Parametric study
We present in this section some parametric studies to obtain insight into the model.
We discuss the physical meaning of the results and the effects that the material
parameters for the skew part have on the predictions for some loading cases.
3.2.1 Constitutive equation for spin tensors
We assume the following constitutive equations for the spin tensors
Waxes = W P + WA = -pWd (3.27)
where Wae is the total spin of the anisotropy axes with respect to the unrotated
configuration (where the elastic rotation is removed). Then, from Wd = W P - WA,
we have
W = (1 - p)Wd (3.28)
1
WA 2 (1 + p)Wd (3.29)
Eq. (3.27) implies that the spin of the anisotropy axes is proportional to the dissipative
spin. In general p may be better modeled to be a function of the plastic deformation,
but here we assume, as a first approximation, that p is constant. Note that the
definition of p is slightly modified from the original definition proposed in Ref. [3].
We are able to establish a proper range of p based on physical reasoning. First
we claim that the anisotropy axes rotate to a more favorable orientation after plastic
flow such that the stored strain energy decreases. Therefore the second term in
Eq. (3.12), which corresponds to the change in internal energy due to the anisotropy
axes rotation, must be negative. This leads to, using Eqs. (3.24) and (3.29),
T: WA = (1 + p < 0 (3.30)
Since y and |51 are always positive, we have
p > -1 (3.31)
Then we assume that the plastic spin has the same direction as the dissipative spin
which physically means that the dissipative spin drives the plastic spin and conse-
quently the spin of the unrotated configuration where the elastic rotation is removed.
Hence, from Eq. (3.28), we have
p < 1 (3.32)
Eqs. (3.31) and (3.32) imply that the total spin of the anisotropy axes does not exceed
the dissipative spin in magnitude, see Eq. (3.27). Finally from Eqs. (3.24) and (3.27)
waxes _= p W, (3.33)
From this expression it is deduced that the anisotropy axes rotate in the direction
of 9  if p < 0 while they rotate in the opposite direction of S, if p > 0. It is
reasonable to postulate that the anisotropy axes will rotate in the opposite direction
of 8, because 5, measures how much the elastic strain tensor and the stress tensor
are not coaxial. This can be also confirmed by numerical tests versus laboratory test
data. Consider the data in Fig. 1, which shows the prediction for the evolution of the
principal orthotropic directions and the comparison with the experimental result when
a uniaxial tensile force is applied on a metal sheet with three initial orientations of
orthotropic axes. We observe a rotation of the orthotropic axes to a wrong orientation
when we use p < 0.
Hence, together with Eqs. (3.31) and (3.32), a reasonable range of p is
0 < p < 1 (3.34)
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Figure 3-1: The evolution of the principal orthotropic directions at different spatial
strains ex when uniaxial tensile loading is applied to a metal sheet along the x-
axis. /3 is the angle between the rolling direction and the loading direction (x-axis).
Three initial orientations (300, 45 o and 600) of orthotropic axis are considered. See
Refs. [3,4] for the detailed description of the experiment and the analysis. The other
material parameters are listed in Table 3.1.
3.2.2 The direction of axes rotation through elastic anisotropy
Boehler and Koss [84] and Kim and Yin [4] performed similar experiments to measure
the evolution of orthotropic axes of a metal sheet under uniaxial tension with initial
off-axis loading angles of 30 , 45 and 600. Their results are qualitatively the same
except for the case in which the initial off-axis loading angle is 45 . A counterclock-
wise rotation to 90 was observed by Kim and Yin while a clockwise rotation to 0
was reported by Boehler and Koss. Within our theory, these different observations
can be explained by the elastic anisotropy because we claim that the anisotropy axes
will rotate to more preferable directions such that the stored strain energy decreases.
As shown in Fig. 3-2(a), our model can predict both experimentally observed clock-
wise and counterclockwise rotations by controlling the elastic anisotropy. Hence we
Table 3.1: The material parameters used in Sec. 3.2
Elastic constants Hill's yield function parameters Hardening
Ea = 204GPa M = 1.0
Eb = 203GPa f = 0.3613
Ec = 210GPa h = 0.4957 = 230MPa
00 = 276MPa
Vab = Vac = bc = 0. 3  g = 0.3535 = 30
Gab = 82GPa 1 = 1.0 = 3
Gac = Gbc = 80.77GPa
conclude that the difference between the two different experimental observations may
be due to the unconsidered or unknown elastic anisotropies. Here we changed the
Young's moduli slightly to have a different landscape of Young's modulus in the plane
and in consequence of the stored strain energy. Note that the orthotropic axes rotate
in the direction of the downhill in Young's modulus variation, see Fig. 3-2(b). If
we select an elastic tensor such that Young's modulus variation has a zero slope at
45 °, no rotation takes place for an initial orientation of 45 as shown in Fig. 3-3.
Moreover the model predicts that the orthotropic axes rotate to 0 o or 90 0 regardless
of its initial orientation if Young's modulus has a monotonic increasing or decreasing
pattern, see Figs. 3-4 and 3-5. Therefore the elastic anisotropy is very important in
our model and enriches the model's predictability. This is a key feature of the model
which distinguishes it from other phenomenological models that consider the plastic
spin.
3.2.3 Sensitivity of the spin parameters
From Eqs. (3.22)-(3.28), the spin tensors can be rewritten as
1 (f__) m
2 v-2+(1p)( -, 77, W  (3.35)
wA 1 __WA 2~(1 - P) I WI (3.36)
Fig. 3-6 shows the effect of the spin parameters, p, q and m, on the evolution of
orthotropic axes in a uniaxial tension test. For the other material constants, we use
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Figure 3-2: The effect of the elastic anisotropy. (a) The evolution of the principal
orthotropic directions, (b) Young's modulus at different angles with respect to the
rolling direction (a-direction). Ea = 204GPa and Eb = 203GPa are used for the
solid lines while Ea = 203GPa and Eb = 204GPa are used for the dashed lines where
a and b represent the rolling direction and the transverse direction of a metal sheet
respectively. See Table 3.1 for the other elastic constants which are the same for both
cases.
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Figure 3-3: The effect of the elastic anisotropy. (a) The evolution of the principal
orthotropic directions, (b) Young's modulus at different angles with respect to the
rolling direction (a-direction). Ea = Eb = 204GPa.
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Figure 3-4: The effect of the elastic anisotropy. (a) The evolution of the principal
orthotropic directions, (b) Young's modulus at different angles with respect to the
rolling direction (a-direction). Ea = 214GPa and Eb = 212GPa.
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Figure 3-5: The effect of the elastic anisotropy. (a) The evolution of the principal
orthotropic directions, (b) Young's modulus at different angles with respect to the
rolling direction (a-direction). Ea = 212GPa and Eb = 214GPa.
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the same values as in Ref. [3] and they are listed in Table 3.1.
To be more quantitative in the analysis, we define the following root mean square
errors for the orientation of the orthotropic axes
1
I)= 5 (e00= 3 00 + E)o=450 + Q0o=600) (3.37)
where
Is = i -n(l ex x inum)2 (3.38)
n i=1
Here O,3p is the angle between the orthotropic axis (the rolling direction) and the
loading direction obtained from experiments while /num is the predicted angle by the
model, o30 is the initial orientation of the orthotropic axis and n is the number of
experimental data points. Here the experimental data obtained by Kim and Yin [4]
are used as a reference. The dimension for the angle is degree.
Fig. 3-7 shows the contour plot for 4 with respect to p and 7r when m = 1 and
m = 2. We can see that there is a region where the change of 4 is negligible, which
means that there is a certain relationship between p and q which gives a very similar
prediction for the anisotropic axes rotation. These relationships obtained from the
simulations for each m are also shown in Fig. 3-7 as dashed lines with their equations.
The simulation results with some pairs of p and Tj on the dashed line for m = 1 are
shown in Fig. 3-8. Note that almost the same predictions are obtained not only for
the evolution of anisotropic axes but also for the evolution of the flow stresses.
This can be explained by considering the total spin of the anisotropic axes with
respect to the unrotated configuration in Eq. (3.27). From Eqs. (3.27), (3.35) and
(3.36), we have
Waxe= - ( P (f) m  (3.39)
This indicates that the ratio of p to r m may play a more important role to the
evolution of the anisotropic axes than the specific values of p, r and m. If we set the
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Figure 3-6: The effect of parameters on the evolution of the principal orthotropic
directions. 0 is the initial orientation of orthotropic axis
ratio to be a constant C, we have
P = C m  (3.40)
Eq. (3.40) provides a possible relationship between the spin parameters. We see that
the dashed lines in Fig. 3-7 correspond to C = 0.0051 for m = 1 and C = 1.1 x 10-6
for m = 2 respectively.
However each value of parameters, not only the ratio of them, may be important
for certain problems. As an example, we performed a simulation for a simple shear
deformation with a load reversal and the result is shown in Fig. 3-9. The same material
properties are used as in the previous uniaxial tensile test. Different responses are
obtained even when we use pairs of the spin parameters which satisfy the relationship
shown in Fig. 3-7(a). Especially there is a clear difference in the amount of the
equivalent plastic strain where the load reversal begins, see Fig. 3-9(a). According to
Figs. 3-9(b) and 3-9(c), the change is mainly attributed to the value of the parameter
p while r has a primary effect on the initial transient response which depends on the
rate of anisotropic axes rotation. Note that, in principle, p determines the amount
of the axes spin from the given dissipative spin while rj scales the skew part of the
Mandel stress tensor. Therefore each parameter has a unique function and each value
of parameters, not only their ratio, may be important for a certain problem like in
simple shear where the principal strain direction changes continuously during the
plastic deformation and, in consequence, the orthotropic axes and the intermediate
configurations do so too.
3.3 Identification of spin parameters based on the
R-values
In general, spin parameters have been chosen in order that a model properly re-
produces the evolution curve of anisotropic axes measured from the evolution of
anisotropies in yield stress as in Ref. [4]. As an alternative, Choi et al. [5] recently
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proposed a possible way of identifying spin parameters based on the evolution of the
R-values, also known as the Lankford coefficients. The motivation is based on the
observation that the R-value shows a non-negligible evolution when an orthotropic
axis is initially oriented at 45 o while the R-values for the initial orientations of 0 ' and
90' can be regarded as constant as usual. Also, it has been shown that the flow stress
for the initial orientation of 45 will be over-predicted if a conventional hardening
model is used without considering the axes rotation [5]. Therefore the rotation of the
orthotropic axes in addition to a conventional hardening model needs be included to
predict the R-values and the flow stresses with better accuracy.
This procedure seems experimentally more practical than measuring the evolution
of anisotropic axes directly because only uniaxial tensile test data for three different
orientations of 0 , 45 o and 90 0 are necessary. The experimental data for 0 0 and 90 0
are used to determine isotropic hardening parameters and then we use the evolution
curves of the R-value and the flow stress for 45 0 to calibrate parameters for kinematic
hardening and plastic spin. The coefficients of Hill's quadratic yield function are
calculated from the reference R-values. Here we apply this procedure to our model
and compare our predictions with the experimental results available in Ref. [5].
First of all, we need to clarify the definition of the R-value because it has been
used with various forms through the literature. We use the same definition of the
R-value as in Ref. [5] given by
R = = ± (3.41)
Et El + w
where e, is the longitudinal strain in the direction of uniaxial loading, et is the through-
the-thickness strain and E, is the widthwise strain. Due to the difficulty in measuring
Et of sheet metals, Et = - (El + Ew) is used by assuming small elastic strains and
incompressibility of the plastic strains.
It has been reported that the flow stress for initial orientation of 45 0 will be under-
predicted when only isotropic hardening is used even if the axes rotation is considered.
We need to include kinematic hardening. Since it is not our goal to discuss which
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hardening model is more adequate, we simply use Prager's mixed hardening rule as in
Eqs. (3.14) and (3.15) although Choi et al. [5] used a different hardening model. Of
course, any kind of kinematic hardening model can be used with our model, simply
by just replacing Eq. (3.15) with the chosen model equations. We use the orthotropic
hardening tensor in Eq. (3.15), which in matrix form is
h -(h +h -h) -(h' -h +Ahc) 0 0 0
-- (hE + h E - hh E -1 (-h E + hE + hE )  0 0 0
1 (hE - h + hE) -(-h + h + h)h 0 0 0
0 0 0 2hG 0 0
S0 0 0 2hG 0
0 0 0 0 0 2hG
(3.42)
where h , hE and hE are normal stress hardening parameters in each orthotropic
direction and hG
, h Gand hG are shear stress hardening parameters in each plane.
In case there is no preferred direction for kinematic hardening, this tensor may be
replaced by the deviatoric projection tensor or by the identity tensor. Note that
Eq. (3.42) guarantees the deviatoric feature of a backstress tensor. We assume that
the orthotropic axes for hardening are aligned with those for the elastic tensor and
the yield surface.
The same material properties are used as in Ref. [5]. The properties are those
of two DDQ (deep drawing quality) and one DQ (drawing quality) mild steels. We
calibrate spin parameters and kinematic hardening parameters of our model to fit the
experimental results while we adopt the same values for isotropic hardening and initial
R-values used in Ref. [5]. Only small anisotropy is introduced for elastic constants.
The material properties and parameters used in this study are listed in Table 3.2.
Figs. 3-10-3-12 show the results obtained. The predictions show a good agreement
with experimental results both in the R-values and the flow stresses for all three
materials, which is also achieved by Choi et al. Hence it may be concluded that
this method can be an alternative way of identifying parameters for anisotropic axes
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Table 3.2: The material parameters used in Sec. 3.3
Material Elastic constants R-values Hardening Spin
Ea = 212GPa M=0.8
Eb = 208GPa Ko = 152.00MPa
S= 21GPa Ro = 2.722 KO = 387.81MPa p = 0.40
DDQ-1 ac = 03 R 4 5 = 1.474 6 = 9.23 q = 60
Gab = 82GPa R = 2.169 h = 0.0 m = 1.0Gab = 82GPa h= h = h =1.0h EG = h = h 1.6Gac = Gbc = 80.77GPa a -b c 1
ab ac be
Ea = 208GPa M=0.8
Eb = 212GPa Ko = 152.22MPa
Ro = 210GPa = 2.137 K)o = 372.23MPa p = 0.26E = 210GPa
DDQ-2 = = 0.3 R 45 = 0.930 6 = 7.87 71 = 20
R 90 = 1.508 h = 0.0 m = 1.0Gab = 82GPa h E h = hE =1.0
Gac = Gbc = 80.77GPa hG h c
b h = h = 5.0
Ea = 182GPa M=0.8
E = 178GPa = 198.00MPa
E = 180GPa Ro = 1.600 o = 455.00MPa p = 0.48
DQ =bc = 0.3 R 45 = 1.010 6 = 9.95 77 = 60
ab = aR 90 = 1.460 h = 0.0 m = 1.0Gab =GP hE = h E = h E = 1.0
Gac = Gbc = 69.23GPa h= h G hG 2.2
hab ha c  hbGc = 2.2
rotation.
However, much more comparisons of computed responses with experimental data
on various materials are needed to validate this identification procedure. It would be
ideal if we could compare the spin parameters, for the same material, calibrated from
the evolution of anisotropies in yield stress as in Ref. [4] and from the evolution of
the R-values and the flow stresses as in Ref. [5].
3.4 Predictability of the model in multi-paths load-
ing problems
We consider in this section the capability of our model to predict the behavior in
problems where the loading path changes during the plastic deformation. Two key
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Figure 3-10: The evolution of flow stresses and R45 for DDQ-1 in Table 3.2. The
experimental results are taken from Ref. [5]
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Figure 3-11: The evolution of flow stresses and R45 for DDQ-2 in Table 3.2. The
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Figure 3-13: The multi-paths loading problems. (a) Initial configuration where a
and b represent the rolling direction and the transverse direction of a metal sheet
respectively; (b) The case of monotonic simple shear; (c) The case of reverse simple
shear; (d) The case of tension-shear
features that we want to capture in multi-paths loading problems are the well-known
'Bauschinger' effect and the 'cross' effect, that is, the effect of uniaxial prestraining
on the shear response [87, 95]. Three deformation patterns are simulated in order
to identify basic features of a multi-paths loading problem as in Ref. [95]. The first
one is a monotonic simple shear. The second one is a reverse simple shear, where
the material goes back to its initial shape after a forward shear. The third one is a
tension-shear path, where uniaxial prestraining is applied prior to the simple shear.
The Bauschinger effect can be seen in the reverse shear test and the cross effect
may appear in certain tension-shear tests depending on materials used. These are
illustrated in Fig. 3-13
As reported in Ref. [95], the cross effect cannot be captured by a conventional phe-
nomenological model which considers only isotropic and kinematic hardening while,
of course, the Bauschinger effect can be modeled with kinematic hardening by the
backstress evolution. If the rotation of anisotropic axes is taken into account, the
108
Table 3.3: The material parameters used in Sec. 3.4
Elastic constants R-values Hardening Spin
Ea = 207GPa
Eb = 206GPa 2o = 152.00MPaRo = 2.64 p = 0.40
Ec= 206GPa oK = 387.81MPa
Vab v= ac = Vbc = 0.3 .57 = 9.23 = 80Ro = 2.17 m = 1.0Gab = 80GPa h = 0.0
Gac = Gbc = 79.23GPa
cross effect appears in the predicted response. The calculated responses are shown
in Figs. 3-14 and 3-15. The material parameters used are listed in Table 3.3. Note
that the amount of crossing depends on how much the material is prestrained prior
to the shear deformation. A larger amount of prestraining leads to a greater cross-
ing effect as shown in Fig. 3-16. It is also interesting that the cross effect is greatly
influenced by the amount of kinematic hardening, see Fig. 3-17. The cross effect be-
comes prominent as M approaches 1 (purely isotropic hardening). As the portion of
kinematic hardening increases (M approaches 0), the cross effect gradually weakens
and eventually no crossing takes place after a certain amount of hardening. In that
case, the shear stress of a tension-shear test follows a monotonic simple shear curve
with an offset.
3.5 Concluding Remarks
Despite the significant advances in the simulations of elasto-plastic responses, the
efficient and accurate analysis of large strain deformations of anisotropic sheet metals
remains elusive. This is due to the difficulties imposed by the elastic and plastic
anisotropy and the evolution thereof.
In this chapter we performed some studies on a model suitable for the analysis of
orthotropic elasto-plastic continua considering both the elastic and plastic anisotropy
and the evolution of the material symmetries. Elastic anisotropy is a crucial ingredient
in the model to capture the rotation of the anisotropy axes. These studies give
some physical insight into the model, notably regarding the understanding of the
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Figure 3-14: Multi-path loading response (without plastic spin); (a) isotropic
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deviatoric projection tensor)
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Figure 3-16: The effect of the amount of prestraining on crossing. (Isotropic harden-
ing, M = 1.0)
material parameters that affect the evolution of the directions of orthotropy, their
effect on the predictions achieved with the model, and hence the proper choice of
these parameters. We obtain the material parameters from measurements of elastic
and plastic anisotropies including from the evolution of the Lankford coefficients, and
find that modeling the elastic anisotropy explains earlier published results.
An effective material model requires the use of a consistent theory, as given in
this chapter, and a full validation of the model. For our model, a full validation will
require the availability of more experimental data and comparisons with simulations.
However, the required experimental data is still scarce, especially when including
the measurement of elastic anisotropy. It will be very valuable to continue with the
validation of the model as more experimental data becomes available.
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Conclusions
The present thesis work contributes to the anisotropic elasto-plastic analysis of shells
by addressing key issues in obtaining reliable and efficient shell elements for the finite
element analysis and a better constitutive model for large strain anisotropic elasto-
plasticity.
First, we presented a 4-node 3D-shell element which is a 3D extension of the
MITC4 shell element. The element is designed to model the three-dimensional effects
of thickness changes and tractions applied on the top and bottom surfaces of the shell
by adding appropriate displacement degrees of freedom in a hierarchical way. An
important attribute is that the element does not result in undue ill-conditioning as
seen when shell surface top and bottom nodes are used in the kinematic description of
3D-shell elements. The element, with additional pressure degrees of freedom, can be
used when the material is incompressible. This feature is crucial in large strain elasto-
plastic analysis because metallic materials usually become almost incompressible as
plastic strains develop.
Second, we presented a 6-node triangular shell element which represents a signifi-
cant improvement over the earlier published element, called the MITC6 shell element.
The formulation of the improved element addresses the peculiar unstable behavior ob-
served with the original MITC6 shell element in the solution of certain shell problems.
The improved MITC6 shell element does not show this behavior and performs as well
as the original element in the other test problems. In particular, the element formu-
lation does not use any factor to be set by a user as seen in conventional stabilization
procedures.
Finally, an anisotropic elasto-plasticity model that considers the rotation of anisotropy
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axes has been studied. The model provides a general framework for large strain
anisotropic elasto-plasticity where the elastic anisotropy is used to model the rota-
tion of the material axes. Our studies of the model have given physical insight into
it, particularly regarding the material parameters used to describe the evolution of
the anisotropy directions, their effect on the predictions obtained by the model, and
the proper choice of the parameters. The studies also identified the predictability of
the model for the evolution of the Lankford R-values and for the crossing effect in
nonproportional loading conditions.
While some key points of research in the anisotropic elasto-plastic analysis of shells
are addressed in this thesis, there are still a number of outstanding improvements -
even in the developments addressed herein - that should be pursued in future work.
For example, we still need more efficient shell elements, in particular triangular el-
ements, that show uniformly optimal behavior in all problems, a property that is
extremely difficult to reach. A mathematical analysis of the presented shell elements
would also be very valuable and could yield insight into how the elements might be
further improved. Regarding the elasto-plasticity model we considered in this work,
we need to continue a full validation as more experimental data, including anisotropic
elastic material parameters, become available. It would also be valuable to design an
efficient experimental testing procedure to identify the material parameters used in
the model.
These would be important developments in the specific topics addressed in this
thesis. However, there are of course many more research areas of developments con-
sidering the general anisotropic elasto-plastic analysis of shells. These areas include
the large strain analysis of shells, the analysis of composite shells, the modeling of
contact conditions, and the analysis of shells in multi-physics conditions.
116
Appendix A
The analytic solution for the
cantilever beam subjected to
in-plane tractions
We consider the cantilever beam subjected to in-plane tractions described in Table 1.3,
and use the Airy stress function method to solve for the stresses.
The stress equilibrium and strain compatibility conditions are satisfied by solving
the equation
4 4 a40+2 + =0Ox 4 Ox20z 2 1z 4 (A.1)
where
02
7rX - Oz2 I
02
Tzz = X2&x (A.2)
The boundary conditions are
02=
7-xz = x
Xz = qt
z
7-xz = -- qb
-zz Z=t zz z-t
2 2
(A.3a)
(A.3b)
(A.3c)=0
where qt and qb are in-plane tractions applied on top and bottom surfaces in the
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positive x-direction, respectively. The trial stress function used is
S= co (1 + aix) (1 + biz + b2 2 + b3z 3) (A.4)
which satisfies Eq. (A.1). Then the corresponding stresses are
02¢
S- = co (1 + aix) (2b2 + 6b3z) (A.5a)02
zz - x2 - 0 (A.5b)OX
'2 -coal (b1 + 2b 2z + 3b3 2) (A.5c)
From the force and moment equilibrium, the resultant shear force, axial force and
bending moment at each section of the beam are
V(x) =1 Txzdz = 0 (A.6a)
J -t/2
N(x) = Txxdz = (qt + qb) (L - x) (A.6b)
-t/2
St/2 t
M(x) = f rxxzdz = - (qt - qb) (L - x) (A.6c)
J -t/2 2
Substituting Eqs. (A.5) into Eqs. (A.6) and applying the boundary conditions given
in Eqs. (A.3), we obtain
1
a =
L
cobl = -L (qt - qb)
4 (A.7)L
cob 2 = - (qt + qb)2t
L
cob 3 = (qt - qb)
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Therefore the solution is
7x = (L - x)
7zz = 0
1 z z2
z = - (qt - qb) + (qt + qb) -+ 3 (qt - qb)4 t t2
119
(A.8a)
(A.8b)
(A.8c)
[( + vb 1 t z(qt + qb) + 6 (qt - qb) -Z
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Appendix B
Mapping tensors from quadratic to
logarithmic strain space
We present here the mapping tensors used in the MontAns-Bathe model presented in
Chapter 3. During the integration procedure, having the logarithmic strain, Ee =
i ln Ce, we obtain the generalized Kirchhoff stress tensor, T = A : E', which is
work conjugate to the logarithmic strain. Therefore, in general, we need to convert
the obtained stress tensor to the Mandel stress tensor, 8, because the dissipation
inequality is given in terms of the Mandel stress tensors and we assume the yield
functions to hold for them, see for example Eq. (3.17).
We define a mapping tensor
Ee = M : Ae (B.1)
where Ee and A' are the logarithmic strain tensor and the quadratic strain tensor
respectively and their spectral forms are
3
Ee= In A~NNi Ni (B.2a)
i=1
3
Ae= ( 2 - 1) Ni ® Ni (B.2b)
i=1
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where A are principal stretches and Ni are principal directions. The above mapping
tensor in Eq. (B.1) can be written as
A 3 N 2 In NiNi®Ni
A A2 -1
(B.3)
Similarly we can obtain the mapping tensor between the deformation rate tensor, D e,
and the time-derivative of the logarithmic strain, Ee
OEe  3
D - -
i= 1
1 In -Ae In Ae
e 2 Mi + 2 _ eA2
i i=1 j i 3 Z
Mi := Ni & Ni
M 1
Mi oM: 4 (N® 0 Nj + Nj 0 Nj) ® (Ni ® Nj + Nj 04
(B.5a)
Ni) - Mj 0 Mi
(B.5b)
such that
e = ME: De
D
In the rotation-frozen configuration Eq. (B.6) can be written as
Se =ME.De
Now we define two fourth order mapping tensors
W M C 1 Ce ME - Ce ME)
2 +-D +-D
and
SM 1 Ce ME + Ce M
+- 2 +- -D +- D
(B.6)
(B.7)
(B.8)
(B.9)
where it is implied by () that the contraction of the n-index of the fourth order
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where
(B.4)
tensor with the second index of the second order tensor such that
3E' ME =i C o N) (.o,, , ( N 9 Nd( N (b-D +-abcd
= Ci ' 6jcNaONb 0 Ni 0 Nd (B.10)
Dabcd
= C'.MEb Na 0 Nb Ni Nc
J --Dabjc
and
3
Ce 4 ME = Ce N 0 N) M Na Nb Nc Nd<D -(b c-dk) (o
i,j,...,d
3
= CMe ME 6jdNa Nb 0 Nc 9 Ni (B.11)
... i*Dabcd
i,j,...,d
3
= EC'. M  Na 9 Nb Nc 9 NiZ *....*- -Dabcj
Then it can be shown that
S := T: ME (B.12)< 
_ * -- -D
where S is the pull-back of the Kirchhoff stress r to the stress-free configuration.
Therefore we obtain
SCS = Ce T :ME) = T S + (B.13)
and
Tw := T : WM = EeT - T Ee , (B.14a)
S= T -: S (B.14b)
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Appendix C
A stress integration algorithm
We present a simple stress integration algorithm that can be used to solve a set of
equations, given in Eqs. 3.19 and 3.26, of the Montins-Bathe model in Chapter 3.
Note that the model consists of two parts, the symmetric part and the skew symmetric
part, and one can adopt the specific computational algorithm which can be either
staggered/split or fully coupled.
Here we assume that elastic strains are moderate and split the symmetric part and
the skew part in the integration procedure, which yield a simple algorithm. First the
iterations are performed for the symmetric part to obtain the consistency parameter,
t or (, assuming the symmetric axes do not change during this step. Then the
consistency parameter of the skew part, y or (, is simply obtained by the proposed
relationship in Eq. (3.26). All necessary variables including the principal directions
of anisotropic axes are updated from the flow rules with the computed consistency
parameters. The consequences of the assumptions used are as follows.
* For moderate elastic strains,
- SM I T
- = Twj w < = TMT
= &0 d8 = T : S + T, -_ T + T, -_ T
125
* During the stress integration phase, we assume that the principal directions of
the anisotropic tensors are fixed, i.e. t+At A tA. After reaching convergence
on the consistency parameter of the symmetric part, t or (, the skew part can
be easily calculated and then the principal directions are updated for the next
step.
For convenience, we rewrite the given functions and the flow rules.
H Os - B, : AP (HI, - B -1 (C.1)
= v-/2r (C.2)
S . Of
= F - v (c.6)D = t -- Ar - B t (C.3)
+a-- 8  K 2  4-
Wd - =e p a (C.4)
.fs 2 2.
S= -t = -(f, 1)t t (using at yield, f,= 0) (C.5)
Ofw - V2 (C.6)
S((f)) or t = (C.7)
K = (1 - M)ro + M [K, - (ro - ro) exp (-6() + h(] (C.8)
B 2 (1 - M) [( oo - Ko) 6 exp (-6() + h] H : DP (C.9)
In the integration algorithm, we need to have the following quantities to be pro-
vided and returned at each step.
* Given: +X (tXP)-, t(, tB, tp
* Returned: (t+±XPy t±t, t+A t B, t+Atp t+AtT
where pi represent the principal directions.
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A single step consists of the following iteration procedure.
1. Compute trial state variables
(a) Compute tA, tAp and tH from tpi.
(b) Compute trial stress tensors
x = t+"X (X p)-1
Ce = X'x rX
1
E = -log C
-* 2 +-*
R e Xe Ue
*, = * _
from the polar decomposition
(C.10)
(C.11)
(C.12)
(C.13)
(C.14)
(C.15)
t = (1 - M) o + M [ r - (,rL - ,o) exp (-t() + ht(](C.16)
2. Check yield condition.
= 2t -
23 t 2 s*
2t r2 -
t A' : he. - B s- 1
- +- 1
tAs:( - B ) - I
3. If f*, < 0 (the elastic region), update variables and go to the next time(integration)
step.
(t+Atxp) 1
t+At-
t+AtBs
t+Atpi
t+At
7
= (tXP)
St(
tB,
St
- tpi
SRlet eT*
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T T tAt A : Ee tA: Ee
= tB4-
(C.17)
(C.18)
(C.19)
(C.20)
(C.21)
(C.22)
- B*)
4. Otherwise, perform the plastic correction (the return mapping) loop for the
symmetric part.
(a) Assume At and find nA(i) and t+At() that satisfy Eqs. (C.5) and (C.8).
Compute
R (((i)) = r ((i)) A((') - 2At (C.23)
where (i) = t4 + A()
If R (((i)) < tolerance, go to the next step of the plastic correction loop.
Otherwise calculate a new A(i+1) using Newton's method
R ((i))A((i+ 1) = A(i) _ (dR ((i)) /d()) (C.24)
where dR((&)) =- d() A() + K ((i') and do iterations.
(b) Compute t+atDp.
From Eq. (C.3),
3
t+AtDp - t+At
+_ t+AtK2 +
3
t+AttA
t+LNtK
2 9S
From Eq. (3.9) and substituting Eq. (C.25),
t+At_ = _- = At t+ A t+At DP
3A t+At A : t+At APSs* -t+AtK/2 + s
S -3At tA
- s, t+At 2
tAp . t+at ' _ t+At BS. s 4 S
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Ap t+At
-s;I t+AtB,) (C.25)
t+At - t+At B s
(C.26)t+At _ t+AtBs
From Eq. (C.9) and substituting Eq. (C.25),
t+AtB_ = t+ Att+AtHt+AtHI : t+AtDP
tB + 3At t+AtHt+At H[:
t- t+At K2 +-
t+At AP t+At - t+AtBs
+- e- 4-
tB + 3At t+AtHtH : tAP (t+At 
-
-- t+At2 _ s- t+AttB)
(C.27)
where t+AtH = (1 - M) [(/ - no) 6 exp (-6 t+At) +].
Subtracting Eq. (C.27) from Eq. (C.26) and rearranging it leads to
t+At
+ t+At1 2 (tA + t+AtHtH) : tAP} : . - ts* -ls}
Then, by substituting Eq. (C.28) into Eq. (C.25), we finally have
t+AtDP =
4-
3
t+AtK2
3At
t+At 2 (tA + t+AtHtI) tA } tB,)
(C.29)
Note that all components in Eq. (C.29) are known values from the previous
steps.
(c) Compute the yield function.
t+Atf _ 3 (t+AtA,
2 t+ A tK 2 < ___ t+ZtB ) t t+A t+tBs)-1
(C.30)
where t+at _ t+AtB, can be obtained from Eq. (C.28).
(d) If t+Atfs < tolerance, stop iteration and go to the next step.
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t+At ,- 
_
*__s
(C.28)
Y S*t
(e) Otherwise, compute a new At guess and do iterate. If we use Newton's
method, a new At guess is
Atnew = Atold t+At f
t+At 
s
(C.31)
where, from Eq. (C.30),
t+At (t+At tt ) At
2t+2 t+At (+Atfs + 1)
t+At)
(C.32)
with t+At _ - t+At B being calculated.From Eqs. (C ) and (C.7)
From Eqs. (C.26) and (C.27),
t+At = d (t+At : t+AtEe tA
< dt - 0t
A d Ee - At t+AtDP
dt -* t
Sd (t+AtEe
= tA: (t+tDP + At t+AtP)
(C.33)
t+At = d (tB
s dt --
d tB
dt (S
+ At t+AtHt+AtI :+.. t+AtDP)
At t+AtHtH : t+AtDP)
= (t+AtH + At t+Att) tH : t+AtD + At t+AtHtH
Now the only unknown value is t+AtP. From Eq. (C.25),
t+AtDP ddt
3 tA . (t+A
t+At42 s
6 t+At tAP t+At = t+AtB
t+At 3 -s "
3
+ tA : p
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:t+AtDP
(C.34)
t+AtB)
-,
t+At ;,
s
t+At
ts
(C.35)
Subtracting Eq. (C.34) from Eq. (C.33) yields
t+At hL_ t+AtB tA + t+AtH + At t+AtH t t+AtDP
4 I t+) (C.36)
- At (tA + t+AtHtH) : t+Atf
Finally by solving Eqs. (C.35) and Eq. (C.36), we can compute t+At -
t+AtB and consequently we can obtain t+atf, and Atne .
5. Compute the skew part and update variables.
Using t+AtDP given in Eq. (C.29), we can update
t+t = t(+ A( (C.37)
t+At t+At T t+At A : t+AtEe = tA: Ee - At (C.38)
- -_ o_ D  .
t+atB + = tB 8 + At t+AtHt+AtH : t+AtDp (C.39)
tB + At t+AtHt- : t+AtDP
t+atr = Re, t+atTR  = R + R (C.40)
Then for the skew part, we can calculate
t+At _ t+tT t+At Eet+tT - t+AtT t+AtEe (C.41)W+ = t+At _E t+At T 0 (C.41)
t+atf = iw t- (C.42)
From Eq. (C.4),
t+Aw t)M t+At
t+AtWd = m +t- (C.43)\At rI t±At E'
From Eqs. (3.28) and (3.29),
1t+AtW P = (1 - p) t+AtWd (C.44)2
t+AtW A = 1 (1 + p)t+AtWd (C.45)
-2 +-
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Therefore we have
t+AtRwt
t+ZAtRAt
= t+At Rw = exp (At t+AtWP)
= t+AtRA =exp (At t+tWA)
t 
_ 
_
(C.46)
(C.47)
Finally we can update the principal directions and the plastic deformation gra-
dient.
t+At = t+AtR t+tRA tpiPi t t P (C.48)
= (XP) - exp (-At t+AtWP) exp (-At t+AtDP)
= ( xP) (t+AtRw)T0-\o tC exp (-Att+AtDP)
= (XP)- exp (-At t+tDP) t+AtR ) T0 t l
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(t+AzXP)
(C.49)
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